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Abbreviations

ETH Eigenstate thermalization hypothesis
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Abstract

Understanding the statistical mechanics of closed many-body quantum system has gained an
impetus in recent times, thanks to the experimental success in preparing highly isolated many-
body quantum systems in the laboratory. In this context, the physics of thermalization and
the description of non-equilibrium steady states of driven quantum systems have attracted
serious attention in recent times. In this thesis, we aim to address certain aspects of dynam-
ics, correlation and entanglement in closed integrable quantum systems in low dimension. We
consider many-body integrable quantum systems that host an extensive number of conserved
quantities and can be mapped to free fermions. For such systems, we explore the statisti-
cal mechanical nature of high-energy eigenstates in the light of the eigenstate thermalization
hypothesis. We also explore the consequence of quantum quench in such systems when the
initial state is a finite energy density eigenstate of the pre-quench Hamiltonian. We address
the generation and propagation of entanglement entropy when integrable quantum systems
are subjected to periodic drive. By studying the relaxation behavior of the correlation func-
tion and the density matrices of such periodically driven systems to their steady state, we
discover a frequency driven dynamical phase transition that takes place due to the change in
the topology of the Floquet spectrum. We explore the effect of long-range interaction on such
dynamical phase transitions and the mutual information propagation in such integrable sys-
tems. Furthermore, we study the fate of such driven integrable systems when the periodicity
of the drive is broken by the addition of noise terms. We consider concrete examples and show
that the nature of the non-equilibrium steady state depends on the type of noise introduced to
break periodicity. For scale-invariant noise and quasi-periodic noise we show the existence of
emergent novel steady state at astronomically large time scale with very different properties.
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Chapter 1

Introduction

Understanding the dynamics and long-time behaviour of isolated quantum systems has been
elusive since long. By ‘isolated’ or ‘closed’ quantum systems, we refer to the systems which are
not attached to any thermal bath or reservoir. In particular, the late time steady states and
the characterization of such steady states in the set up of statistical mechanics has been one
of the central issues so far as the foundation of quantum statistical mechanics is concerned. In
recent years, research interest in this direction has witnessed a spectacular resurgence triggered
by experimental feasibility. Due to recent advancement in optically trapped ultracold atomic
gases, it has become possible experimentally to observe the non-equilibrium time evolution of
isolated system for a reasonable time scale [1–5]. The aim of this thesis is to contribute to the
fundamental understanding of the physics of driven isolated quantum systems. In particular,
we focus on the dynamics, entanglement properties and steady states of strongly correlated
isolated quantum spin systems when they are subjected to different types of drives.

In the standard set up, most of the calculations in the traditional quantum statistical
mechanics are performed for systems which are attached to some thermal bath [6]. In this
familiar set up of textbook statistical mechanics, certain properties of the bath are often
taken for granted. However, in the last two decades, thanks to the quantum simulators, it has
become experimentally possible to access the real-time dynamics of closed many-body quan-
tum systems for reasonable time scale. This experimental progress provides the motivation
considering the statistical mechanics of the closed quantum systems afresh.

We note that understanding the long-time behaviour of closed quantum system under
unitary time evolution is of fundamental importance. To be specific, the description of steady
state in terms of statistical ensemble is perhaps the most crucial question in this regard. To
make our answers precise, we need to consider the thermodynamic limit of a large system. It
turns out that nature of the final steady state can be described by either of the two phenomena
which are robust under small but arbitrary local perturbations to the system’s Hamiltonian.
These are phenomena of thermalization and localization [7]. In fact, it turns out that the
answer can depend on the initial state of the system and the system can show a quantum
phase transition between these two possibilities as we tune the initial state. In this thesis,
we shall be interested in systems which undergo thermalization at late times under unitary
dynamics. Therefore, we will only talk about the phenomenon of thermalization. In what
follows, we will briefly discuss some key concepts related to thermalization which are relevant
for the rest of this thesis.
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1.1 Quantum Thermalization

Stated in the simplest way, ‘quantum thermalization’ of an isolated quantum system refers
to the phenomenon where the system reaches thermal equilibrium under its own dynamics
[7]. Thus, for a subsystem containing a small fraction of the degrees of freedom of the full
system, the dynamics should be such that the coupling to the rest of the system should mimic
a reservoir. Dynamics that satisfies such properties yields the correct long-time expectation
value of local operators in the subsystem in the thermodynamic limit irrespective of whether
one uses the microcanonical, canonical or grand canonical ensemble. This is the principle
of equivalence of ensemble in the standard statistical mechanics. In such a scenario, the
traditional formalism of quantum statistical mechanics can be applied to understand the long-
time behaviour of the local quantities in the subsystem. Now, we try to define the idea of
‘quantum thermalization’ in a more mathematically precise manner.

Let us consider a large isolated system which we partition into two parts, A and B. The
number of degrees of freedom in A is assumed to be much greater than that in B. The full
system i.e., A ∪ B is in a pure state because it is not attached to any heat bath. The wave
function that describes the full system at time t is denoted by |ψ(t)〉. The density density
matrix corresponding to the full system at time t is given by ρ(t) = |ψ(t)〉〈ψ(t)|. From this
density matrix ρ(t), one can get the reduced density matrix corresponding to the subsystem
B by taking a partial trace over all the degrees of freedom in A i.e., ρB(t) = TrAρ(t). The
system is defined to thermalize at a temperature T if [7]

limt→∞limA→∞ρB(t) = ρ
(eq)
B = TrA

[
exp(−βH)

Z

]
(1.1)

We note that exp(−βH)
Z

is the Boltzmann probability operator for a system at thermal equi-
librium at temperature T and β = 1

kBT
where kB is the Boltzmann constant. Z is the

normalization constant given by Z = Tr[exp(−βH)]. It is to be emphasized that the two
limits in Eqn.1.1 must be taken simultaneously [7]. This is so since for a finite system the
dynamics is essentially quasi-periodic and thus, strictly speaking, ρ(t) does not have a well
defined large time limit. On the other hand, for finite time, the diffusive transport responsible
for thermalizing the system only reaches a finite distance. The phenomenon of quantum ther-
malization of an isolated system sounds somewhat paradoxical due to the following reason. In
equilibrium, the system is generally characterized by very few parameters like temperature,
chemical potential etc. This, in turn, implies an ‘erasure’ of the system’s ‘memory’ regard-
ing its initial state at long-time after the system has ‘thermalized’. But since the system is
isolated so the dynamics is unitary. Now, it is impossible to remove the information about
the initial state by performing a unitary dynamics. The solution of this apparent paradox lies
in the fact that the memory of local properties of the system’s initial state is not erased by
unitary dynamics. Rather, it gets ‘hidden’ as the system thermalizes [7]. In fact, it is the
spread of entanglement (during dynamics) across the system that makes the information of
the initial state inaccessible at large time after the system has thermalized. Thus, after the
thermalization has taken place, it is impossible to recover all the information of the initial
state by performing measurement of local operators. This phenomenon is called ‘decoherence’
and it plays a crucial role if the system thermalizes at all. The mechanism of thermalization is
quite a subtle issue. However, it is believed that the mechanism that leads to thermalization
is best described by the Eigenstate Thermalization Hypothesis (ETH) [9, 12, 17, 18].
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1.2 Eigenstate Thermalization Hypothesis (ETH)

Before we start our discussion on ETH, let us try to understand the essential physics of
thermalization by considering a simple example. Consider a many-body quantum system
described by the time-independent Hamiltonian H, is prepared in a pure state denoted by
|ψ〉I . Let the set of eigenstates and eigenenergies of the Hamiltonian are denoted by {|m〉}
and {Em} respectively, where m = 1, 2......dimH. Note that dimH is the dimension of the
Hilbert space H associated with the Hamiltonian H. In such a setup, the time-evolved wave
function is given by

|ψ(t)〉 =
∑
m

Cm exp(−iEmt)|m〉 (1.2)

Here Cm = 〈m|ψI〉 and we set the Planck’s constant ~ = 1. Note that since the system is
prepared in a pure state, it will remain pure under the unitary time evolution i.e., ρ2(t) = ρ(t)
(ρ(t) is the density matrix at time t) for all t. Now, let us look at the time evolution of some
observable Ô, which in the basis of the eigenstates of the Hamiltonian can be written as

Ô(t) = 〈ψ(t)|Ô|ψ(t)〉 =
∑
m,n

C∗mCn exp(i(Em − En)t)Omn (1.3)

=
∑
m

|Cm|2Omm +
∑

m,n 6=m

C∗mCn exp(i(Em − En)t)Omn

where Omn = 〈m|Ô|n〉. According to the notion of thermalization, the observable Ô is said
to have thermalized if: (i) the average expectation value of Ô agrees with the microcanonical
expectation value at late times and (ii) the temporal fluctuations of the expectation value
about the macrocanonical result are small at late times. At first sight, it is hard to see how
Eqn. 1.3 can fulfill such requirements. Provided there are no degeneracies (which one can
safely assume for a generic system after removing all the trivial symmetries), the second sum
in Eqn. 1.3 averages to 0 and we are left with a sum of the diagonal elements of Ô weighted
by |Cm|2.

At this stage, some natural questions arise. Firstly, since the probabilities |Cm|2 are time-
independent, so it is no way clear that how the sum

∑
m |Cm|2Omm can at all agree with the

microcanonical average. Furthermore, since the eigenenergies in a generic many-body system
are exponentially close to each other, one needs to wait exponentially long time (in system size)
to see that the second sum indeed averages to zero. Such a time scale, even for a moderately
finite system can exceed the age of the universe. Such conclusions essentially contradict the
experimental observation that even large systems indeed thermalize over much shorter time
scale than the age of the universe. Therefore, the question arises on how to reconcile the
experimental observation and the conclusion drawn from Eqn. 1.3.

Remarkably, we note that if the Hamiltonian H was a true random matrix then all our
problems are easily solved. This is so since according to the random matrix theory (RMT) [13],
for any observable Ô, the diagonal elements (in the energy eigenbasis) Omm are independent of
m and the off-diagonal elements Omn are exponentially small in the system size. Thus, using
this result we can easily see that∑

m

|Cm|2Omm ≈ O
∑
m

|Cm|2 = O (1.4)
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and this agrees with the microcanonical result. Note that
∑

m |Cm|2 = 1 since we are working
with normalized states. But notice that within RMT, the microcanonical ensemble has no
energy dependence and thus it is formally equivalent to the infinite temperature ensemble
(ITE). Moreover, the off-diagonal elements being exponentially small (in system size), one
does not need to wait long to see thermalization. This relevance of RMT for understanding
thermalization was first pointed out by Deutsch [12]. However, in order to explain the ther-
malization in real experimental system one needs to go beyond RMT. This is evident since in
real systems thermal expectation values of observables do depend upon the energy density (or
temperature equivalently) and also the relaxation times are generally observable dependent.
It was Srednicki who provided the generalization of the RMT predication to explain thermal-
ization in real physical systems [9–11]. The ansatz given by Srednicki is known as ETH which
we will discuss now.

ETH is formulated as an ansatz for the matrix elements of observables in the basis of the
eigenstate of the Hamiltonian:

Omn = O(E)δmn + e−S(E)/2fO(E,ω)Rmn (1.5)

where E = (Em + En)/2, ω = En − Em and S(E) is the thermodynamic entropy at energy
E. Both O(E) and fO(E,ω) are smooth functions of their arguments and the value O(E) is
same as the expectation value of the microcanonical ensemble at energy E. Rmn is a random
real or complex variable with zero mean and unit variance. It is to be noted that there
exists no complete and rigorous understanding regarding which observables would satisfy ETH
and which would not. Nonetheless, it is believed that all the physical observables for which
statistical mechanics holds will satisfy ETH. We point out that ETH has been numerically
verified for few-body observables (by few-body observables, we imply n-body observables such
that n � L, where L is the number of particles, spins etc. and thus such observables can be
non-local as well) in a variety of lattice models. It is worthy of being pointed out that ETH
ansatz by Srednicki is different from the results of RMT in the following senses. First, the
diagonal matrix elements of the observables now depend on the energy eigenstate and they
are now a smooth function of the energy of the eigenstates. Furthermore, for the off-diagonal
elements, there is an envelop function fO(E,ω) on top of the Gaussian fluctuations. Crucially,
this envelop function depends upon both the mean energy and the energy difference between
the energy eigenstates under consideration. However, ETH does reduce to RMT prediction if
one is interested in a very narrow energy window in which case fO(E,ω) becomes a constant.
In single-particle diffusive systems, this scale is given by

ET = D/L2 (1.6)

where D is the diffusion constant and L is the linear dimension of the system. This energy
scale is also called the Thouless energy [14]. In fact, it can be shown that the same result
appears to hold for generic many-body quantum systems as well [13]. Thus, if one is probing
an energy shell of width ω < ET , then ETH ansatz becomes identical to RMT. But since
this energy window vanishes in the thermodynamic limit (clear from Eqn. 1.6), RMT has
very limited applications. Nonetheless, since the level spacing vanishes much faster with the
system size, there is still an exponentially large number of energy levels in the region where
RMT applies. On the other hand, the ETH ansatz, unlike RMT, does not suffer from such
limitations. It is believed to be valid for arbitrary energies with the exception of the edges of
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the spectrum.
Now, let us try to see how thermalization can be understood from ETH. To explore the

physics of thermalization, we confine our attention to long-time averages of observables. As
before, we consider a generic system and therefore assume that there is no degeneracy. The
long-time average of the observable Ô is given by

O = lim
t0→∞

1

t0

∫ t0

0

dtO(t) =
∑
m

|Cm|2Omm = Tr

[
ρDEÔ

]
(1.7)

where ρDE is the density matrix of the diagonal ensemble and is given by ρDE =
∑

m ρmm|m〉〈m|.
On the other hand, from statistical mechanics we have

OME = Tr

[
ρMEÔ

]
(1.8)

where ρME is the density matrix corresponding to the microcanonical ensemble. Note that
due to the standard ensemble equivalence of the statistical mechanics in the thermodynamic
limit, one could as well choose to work with canonical or grand canonical ensemble and their
corresponding density matrices. To proceed further, we introduce the energy fluctuation in
the diagonal ensemble given by

δE =
√
〈ψI |H2|ψI〉 − 〈ψI |H|ψI〉2 (1.9)

Now, we try to see that, independent of the actual values of Cm, as long as δE is sufficiently
small (which is typically the case for traditional statistical mechanics), O will match in leading

order to the statistical mechanics prediction OME, provided Tr

[
ρMEH

]
= 〈ψI |H|ψI〉 = 〈E〉.

This can be seen as follows. Using the ETH ansatz given in Eqn. 1.5, we can rewrite Eqn.
1.7 and Eqn. 1.8 as

O ' O(〈E〉) ' OME (1.10)

Moreover, using Eqn. 1.5 we can quantify the difference between two ensembles since δE
is finite. Performing a Taylor series expansion of the function O(E) around 〈E〉 (note that
Taylor expansion is possible since O(E) is a smooth function by definition) we get,

Omn ≈ O(〈E〉) + (Em − 〈E〉)
dO

dE
|〈E〉 +

1

2
(Em − 〈E〉)

d2O

dE2
|〈E〉 (1.11)

Substituting this expression in Eqn. 1.7 we end up with

O ≈ O(〈E〉) +
1

2
(δE)2O′′(〈E〉) ≈ OME +

1

2
[(δE)2 − (δEME)2]O′′(〈E〉) (1.12)

where δEME stands for the energy fluctuations in the microcanonical ensemble and these
fluctuations are sub-extensive. If the energy fluctuations δE in the time-evolving systems are
also sub-extensive (which is generically the case for system evolving under local Hamiltonians),
then the second term is a small sub-extensive correction to OME and such corrections are
negligible for large system sizes. Thus from ETH we show that for large systems, indeed
O ' OME. The most remarkable fact is that we do not require to make any assumption
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about the distribution of Cm (beyond the fact that it is narrow). In fact, using ETH one can
show with few lines of algebra that the long-time average of the temporal fluctuation of any
observable Ô is given by [13]

σ2
O = lim

t0→∞

1

t0

∫ t0

0

dt[O(t)2]− (O)2 ∝ exp[−S(E)] (1.13)

Thus, the time fluctuations of the expectation value of the observable are exponentially small
in the system size which is also an important condition for the system to thermalize.

Before ending our brief discussion on ETH, we emphasize that ETH points out a drastic
difference between the classical and quantum thermal states. In classical statistical mechanics,
we start from some initial state and it is essentially the time evolution that constructs the
steady thermal state. This steady state has no resemblance to the initially prepared state. On
the contrary, in quantum mechanics, ETH suggests that the eigenstates of a generic many-
body Hamiltonian are intrinsically thermal. The coherence between the eigenstate ‘hides’ this
feature but dynamics reveals it by means of dephasing [18].

1.3 Integrable Models and Generalized Thermalization

So far, we have only considered generic non-integrable many-body quantum systems and dis-
cussed thermalization in such systems. In this section, we extend our discussion to integrable
quantum systems and thermalization in such systems. We will point out the extension of ETH
in a certain class of integrable quantum systems which will be the important in the context
of this thesis. But before we go on and discuss thermalization, let us take a pause and try
to understand the meaning of classical and quantum integrability. In classical mechanics, the
idea of integrability is quite precise and accepted definition of a classical integrable system is
due to Liouville [15]. The definition goes as follows. Consider a classical Hamiltonian system
with phase space M and the dimension of the phase space is given by dim M = 2n. Introduce
a set of canonical co-ordinates pi, qi such that the Poisson brackets read {pi, qj} = δij (i, j run
from 1 to n). Let the Hamiltonian of the system be denoted by H and then any function f
(which has no explicit time-dependence) on M evolves in time following the equation

df

dt
= {H, f} (1.14)

The system is defined to be Liouville integrable if there exist n independent conserved quan-
tities Fi, i = 1, 2, ....n such that {H,Fi} = 0 and {Fi, Fj} = 0. Thus, the meaning of
‘integrability’ is quite transparent in a classical set up. It means that the equations of motions
of the dynamical variables can be obtained by integrating a set of differential equations using
the action-angle variables. Such solutions generically display periodic motion on a tori of the
phase space and thus such systems are strictly non-ergodic.

On the other hand, the notion of integrability of a system in quantum mechanical setup
turns out to be quite intriguing. In fact, there exists no single, unambiguous and all encom-
passing definition of quantum integrability [17]. The lack of direct correspondence between
the classical and quantum integrability stems from the marked difference between these two
theories. Let us consider a very simple example to illustrate this point and we will see that
this example will give us some idea why the notion of integrability is so subtle for quantum
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systems. As we have seen, the most essential requirement for classical integrability is the exis-
tence of conserved quantities. For a given classical system with n degrees of freedom, if there
are n independent conserved quantities, then the system is defined to possess a complete set of
conserved quantities (or charges) and is completely integrable (Note if there are more than n
charges then the system is said to be super-integrable and if there exist 2n number of charges
then it is maximally super-integrable). On the other hand, for a quantum system, a conserved
quantity commutes with the Hamiltonian H. Given a Hamiltonian, we can diagonalize it
to obtain its eigenstates |α〉. From these eigenstates, we can construct the projectors |α〉〈α|
which commute with the Hamiltonian. Thus, for any given quantum system, it is always
possible to construct conserved quantities whose number is the same as that of the Hilbert
space dimension [18]. Thus, on a naive judgment, every quantum system looks integrable.
But of course, this is not correct. This simple example shows us how subtle the concept of
quantum integrability can be. Thus, one needs to be more cautious while defining quantum
integrability. In what follows, we shall discuss some standard accepted definition of quantum
integrability.

The most simple and widely accepted definition of an integrable quantum system is as
follows. A quantum system can be said to be integrable if it can be exactly solved i.e., for
such systems, a full set of eigenstates can be constructed explicitly [17]. This definition, in
some sense, reminds us of the action-angle variable in classical set up. But we should note that
this definition actually does not take us very far and it can be further categorized according
to which method has been employed to construct the full set of eigenstates. It turns out
that there are different methods for exactly solving different classes of integrable systems.
One type of integrable models are those where the full eigenstates can be constructed by
employing the Bethe Ansatz [19] and they are called the Bethe integrable models [20]. There
exists also certain class of integrable systems which can be reduced to free fermions and
such systems typically host an extensive number of conserved quantities that scales with the
system’s dimension. In our thesis, we shall confine our attention to these integrable systems
reducible to free fermions.

Coming back to the issue of other concrete definitions of quantum integrability, we note
that analyzing the energy level statistics of quantum system is very appealing way to address
the issue of integrability. A system is quantum integrable if its energy level statistics follows a
Poissonian distribution. It is to be noted that such definitions directly connect to the classical
mechanics via Berry and Tabor’s semi-classical reasoning [25]. It is also to be stressed that
there exist counterexamples such as Haldane-Shastry type models [26–29] and therefore such
definitions are also not universal. However, the Poissonian distribution of energy level statistics
results to the fact that integrable quantum systems do not show level repulsion (which is also
often used as a definition of quantum integrability).

Now, let us focus on the question of thermalization of integrable quantum systems. As
already pointed out, throughout this thesis, we will concentrate only on the class of integrable
quantum systems which can be mapped to non-interacting fermionic degrees of freedom and
host an extensive number of relevant conserved quantities that scales with the system size.
Then using the standard entropy maximization principle as used in [30], it can be seen that
these conserved quantities are to be treated on equal footing as energy, and that implies a
“generalized Gibbs ensemble” (GGE) for the subsystem, which is characterized by as many
parameters as there are conserved quantities [31, 32]. This leads to restricted (generalized)
ETH and thus the notion of generalized thermalization which implies that in the long time
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for a thermodynamic system

limt→∞limA→∞ρB(t) = ρ
(eq)
B = TrA

[
exp(−

∑
i λiIi)

Z

]
(1.15)

Here Ii’s are the conserved quantities and λi’s are the corresponding Lagrange multipliers. As
usual, Z is the normalization constant given by Z = Tr[exp(−

∑
i λiIi)]

1.4 Driven Systems and Statistical Ensembles

In most part of this thesis, we will focus on isolated quantum systems out of equilibrium.
Now, there are many protocols which can be employed to study the non-equilibrium dynamics
of driven quantum systems. For an arbitrary protocol, the nature and existence of the steady
states is not well understood in general. However, there are certain protocols which have
been extensively studied due to both their experimental significance and the simplicity at the
theoretical level. One such protocol is a sudden global quantum quench which we discuss
below.

1.4.1 Global Quantum Quench

In this case, the system is initially prepared in the ground state of a local, short ranged
Hamiltonian H(λ0) where g0 is a parameter in the Hamiltonian. At time t = 0, the parameter
is suddenly ‘quenched’ to g and one follows the subsequent unitary dynamics of the system.
At this point, it is quite pertinent to make some remarks regarding the concept of locality and
its importance in the idea of quantum thermalization. Note that full system is in a pure since
it is isolated and the wave function at time t is simply given by |ψ(t)〉 = e−iH(λ)t|ψ(0)〉 (where
|ψ(0)〉 is the initial state). This state, being a pure one, can never be described by Gibbs or
generalized Gibbs distribution. To see this clearly, we consider a Hermitian operator of the
form:

O(m,n) = |n〉〈m|+ |m〉〈n| (1.16)

Here |m〉 and |n〉 are the eigenstates of H(λ) with eigenvalues Em and En respectively. The
expectation values of such operators is given by

〈ψ(t)|O(m,n)|ψ(t)〉 = 〈ψ(0)|n〉〈m|ψ(0)〉ei(En−Em)t + h.c (1.17)

Such expectation values are oscillatory in time and thus never reaches the steady state. This
indicates that it would be more useful to focus on the local properties of a given system in the
thermodynamic limit, i.e. ask questions only about observables contained in a finite subsystem
B. Only then the rest of the system, which we dub as A, can mimic an effective bath and
as a result B may be described by mixed density matrix [8]. For the quantum quench, if
one considers a generic many-body interacting system where energy is the only conserved of
motion, then the system locally thermalizes at late times. This means if we consider a local
observable OB (acting on subsystem B), then for large time and for thermodynamic limit

lim
t→∞
〈ψ(t)|OB|ψ(t)〉 = Tr

[
ρGEOB

]
= Tr

[
e−βH(λ)

Z
OB
]

(1.18)
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Here ρGE stands for the Gibbs ensemble and β is fixed by the condition 〈ψ(0)|H|ψ(0)〉 =
Tr[ρGEH]. Z is the normalization constant and is given by Z = Tr[ρGE]. In the same spirit,
as we have already pointed out, the system locally relaxes to a generalized Gibbs ensemble if
it happens to be an integrable one. In that scenario, Eqn. 1.19 will be replaced by [31–33]

lim
t→∞
〈ψ(t)|OB|ψ(t)〉 = Tr

[
ρGGEOB

]
= Tr

[
exp(−

∑
i λiIi)

Z
OB
]

(1.19)

Here ρGGE stands for the generalized Gibbs ensemble, Z is the normalization constant given
by Z = Tr[ρGGE] and λn is chosen such that 〈ψ(0)|In|ψ(0)〉 = Tr[ρGGEIn].

1.4.2 Periodic Drive

In case of non-equilibrium dynamics of quantum systems, it is quite interesting to look at
systems which are continually driven in time. In such cases, it is evident that the underlying
Hamiltonian is explicitly time-dependent. The description of steady states for systems gov-
erned by such Hamiltonian with any arbitrary time dependence is still an open issue. One
very natural subset of these explicitly time-dependent Hamiltonian is a time-periodic Hamil-
tonian i.e., H(t + T ) = H(t). This particular class of continually driven Hamiltonian has
attracted a lot of attention in recent time due to its experimental applications and theoret-
ical richness. Periodically driven quantum systems host novel and exotic phases which are
otherwise absent in their undriven equilibrium counterpart. For periodically driven system
energy is only conserved modulo 2π~/T and thus there is no conserved energy density [7].
Therefore, a generic system for which energy is the only conserved quantity, when subjected
to periodic drive, subsequently thermalizes to an infinite temperature ensemble where every
pure state of any small subsystem is equally probable[7]. When such a system thermalizes, it
still mimics a reservoir for its subsystem. But interesting question is what kind of reservoir it
is since there is no conserved quantity that may be exchanged between the subsystem and the
bath. This essentially points out that the main function of a reservoir is not that of source
or sink of energy, particles and other conserved quantities. Rather, the essential function of
the reservoir may be to provide other quantum degrees of freedom that the subsystem gets
so entangled with that no information regarding the initial state of the subsystem remains
locally observable [7].

However, the fate of integrable spin systems reducible to non-interacting fermions which
host extensive number of conserved quantities is quite interesting when they are subjected to
periodic drive. It turns out that local quantities in such systems reach a steady state but such
steady state can only be observed if one makes stroboscopic measurement [22]. Let us try to
elaborate this point a little more following Ref. [22].

The most crucial point of this theory is the idea of synchronization which can be seen as
follows. Consider a time-periodic Hamiltonian H(t) = H(t+ T ). The evolution operator that
takes the system from a time t = ε to t = ε + T is denoted by U(ε, ε + T ). Setting ~ = 1, we
define an time-independent effective Hamiltonian Heff such that

U(0, T ) = exp[−iHeffT ] (1.20)

Note that this effective Hamiltonian is also called the Floquet Hamiltonian for a periodically
driven system. Now, if we concentrate only on ‘stroboscopic’ observation (i.e., the observations
at discrete point which are separated by a time period tn = ε+ nT for a given ε where n is a
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positive integer), then the expectation value of an operator O at time tn is given by

O(tn) = 〈ψ(0)|e(iHeffT )O(ε)e(−iHeffT )|ψ(0)〉 (1.21)

where O(ε) = U †(0, ε)OU(0, ε) and |ψ(0)〉 is the initial state of the system. By using this
trick, the time evolution is recast into an evolution under time-independent Hamiltonian.
However, the price for this is that now we have a new set of operators O(ε). Now, analogous to
quantum quench, it is possible to show that (see appendix of Ref. [22] for details) each series
{O(tn);n = 0, 1, 2....} converges to a fixed value which implies that the long-time behaviour
of the system is periodic in time i.e., synchronized. To show the construction of periodic
ensemble, we again follow the Ref. [22] and consider the Hamiltonian:

H(t) =
∑
i

[a†iMij(t)aj + a†iNij(t)a
†
j + h.c] (1.22)

where ai’s are fermionic or bosonic operators, [ai, a
†
j]± = δij andM,N are complex matrices.

For Hamiltonians bilinear in a, Heff are also bilinear and using appropriate unitary transfor-
mation can be brought to the form:

Heff =
L∑
p=1

ωpã
†
pãp (1.23)

The operators Ip(t) = U(0, t)ã†pãpU
†(0, t) corresponds to the conserved quantities

〈ψ(t)|Ip(t)|ψ(t)〉=〈ψ(0)|Ip(0)|ψ(0)〉 for all t and are periodic in time. Note there are L such
conserved quantities. Using these conserved quantities, following the Jaynes’s prescription
[30], the “periodic Gibbs ensemble ” (p-GE) is constructed as [22]

ρp-GE(t) = Z−1 exp

(
−
∑
p

λpIp(t)
)

(1.24)

where Z = Tr[exp(−
∑

p λpIp)] and λp’s are fixed by requiring that 〈ψ(0)|Ip(0)|ψ(0)〉=
Tr[ρp-GE(0)Ip(0))]. Note that ρp-GE holds two important properties. First, it correctly gives
the conserved quantities. Second, it is manifestly time-periodic since Ip’s are time-periodic.

1.5 Entanglement Entropy

Now, we will briefly discuss the notion of entanglement entropy of a many-body quantum
system. Entanglement entropy of correlated matter has received a great amount of attention
in recent years. This quantity, being a measure of the non-local correlations of a many-body
quantum system [35, 36], may serve as an indicator of topological properties of correlated
ground state of several systems such as spin liquids [34], quantum Hall systems [37], symmetry
broken systems [38], topological insulators [39] and so on.

Entanglement entropy is a standard way to quantify the amount of information and cor-
relations present in a quantum system. We will first discuss the von Neumann entropy which
is an essential quantum generalization of the Shannon entropy [16]. Thus, this measure of en-
tanglement entropy captures both the classical and quantum uncertainty in a given quantum
state. The definition goes as follows.
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Consider a generic many-body quantum system prepared in a pure state denoted by |Ψ〉.
We assume that |Ψ〉 is normalized to unity. The density matrix of this system is given by
ρ = |Ψ〉〈Ψ|. We divide the whole system in two parts which we call A and B. We suppose that
the Hilbert space can be written as tensor product H = HA⊗HB (HA(B) denotes the Hilbert
space of subsystem A(B)). Now, the reduced density matrix corresponding to subsystem A is
given by

ρA = TrBρ (1.25)

Then, the von Neumann entropy is defined as [16, 40]

SA = −Tr

[
ρA log ρA

]
(1.26)

Clearly, SA = SB = S when ρ corresponds to a pure state. In this thesis, we will calculate
the von Neumann entropy defined in Eqn. 1.26 for certain quantum spin systems. Therefore,
it is important to point out some basic properties of the von Neumann entropy. Some of the
important properties are as follows:

• The von Neumann entropy is a non-negative quantity for any density matrix ρ, i.e.,
SA ≥ 0. This simply follows from the non-negativity of the Shannon entropy.

• If the density matrix ρA∪B = ρA ⊗ ρB, then SA = SB = 0.

• The maximum value of the von Neumann entropy is log d when ‘d’ is the dimension of
the system under consideration and this occurs for the maximally mixed state.

• Let ρx ∈ D(H) and pX(x) is a probability distribution. D(H) denotes the space of
density matrices acting on the Hilbert space H. The von Neumann entropy is concave
in the density matrix i.e.,

S(ρ) ≥
∑
x

pX(x)S(ρx) (1.27)

where ρ =
∑

x pX(x)ρx. This is the concavity property of the von Neumann entropy.
The physical interpretation of this is same as that for the classical entropy i.e., it implies
that the entanglement entropy can only increase under the mixing operation.

For completeness, we note that there are many other measures of entanglement entropy.
For example, the m-th Rényi entropy [41] is defined by

S
(m)
A = (1−m)−1TrA[ρmA ] (1.28)

It is clear from Eqn. 1.28 that the von Neumann entropy S is related to Rényi entropy S(m)

by the relation S = limm→1 S
(m).

Another important concept in the analysis of entanglement entropy is Schmidt decompo-
sition (SD). We highlight some important features of SD in a nutshell. SD is convenient for
analyzing the entanglement in a bipartite system (i.e., systems which can be decomposed into
two parts denoted by A and B). The basic idea is as follows. Given any generic pure state
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|Ψ〉 representing two subsystems A and B, it is always possible to find an orthonormal basis
{|un〉} in HA and {|vn〉} in HB such that [16]:

|Ψ〉 =
∑

k=min(dA,dB)

dk|uk, vk〉 (1.29)

where dk’s are the Schmidt’s coefficients. dA and dB are the dimensionality of the Hilbert
spaces HA and HB respectively. The proof of Eqn. 1.29 goes as follows.

Any pure state |Ψ〉 representing two subsystems A and B can be written as:

|Ψ〉 =
∑
p,q

cp,q|p〉A|q〉B =
∑
p

|p〉A|p′〉B (1.30)

where {|p〉A} and {|q〉B} are orthonormal bases. We have defined |p′B〉 =
∑

q cp,q|q〉B which is
not necessarily orthonormal. Now suppose that {|p〉A} is an eigenbasis of the reduce density
matrix ρA with eigenvalues {d2

p} (note that an orthonormal eigenbasis of ρA can always be
found since it is a self-adjoint operator. Moreover, the eigenvalues are non-negative since ρA

is semidefinite positive). Then the spectral representation of ρA is given by

ρA =
∑
p

d2
p|p〉A〈p|A (1.31)

Now, we can compute ρA through the partial trace of ρ = |Ψ〉〈Ψ| on B. Thus, using Eqn.
1.30 we have

ρA = TrB|Ψ〉〈Ψ| = TrB

(∑
p,q

|p〉A〈q|B ⊗ |p′〉A〈q′|B
)

(1.32)

Performing few lines of simple algebra we can show that Eqn. 1.32 boils down to

ρA =
∑
p,q

|p〉A〈q|A〈q′|p′〉B (1.33)

Comparing Eqn. 1.31 and Eqn. 1.32 we get

〈q′|p′〉B = d2
pδqp (1.34)

This assures that {|p′〉} is an orthonormal basis. We can normalize it by rescaling |p′′〉B =
1
dp
|p′〉B for all non-zero eigenvalues. From Eqn. 1.30 we finally get

|Ψ〉 =
∑
p

|p〉A|p′〉B =
∑
p

dp|p〉A|p′′〉B (1.35)

This proves why SD works. Before we move on, here are some important points regarding SD.

• Every pure state can be decomposed by using SD. However, note that the decomposition
such as |Ψ〉 =

∑
p,q cp,q|p, q〉 can be realized with any orthonormal basis. On the other

hand, the basis used in SD depends on the pure state to be decomposed as is clear from
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our proof.

• Computing the reduced density matrix for the subsystem B we get

ρB = TrA

(
|Ψ〉〈Ψ|

)
=
∑
p

d2
p|p′′〉B〈p′′|B (1.36)

Thus we find that the ρB has the same non-zero eigenvalues of ρA although the dimensions
of HA and HB might be different. In such a case, the number of null eigenvalues would
differ. In conclusion, the square of the SD coefficients are the non-zero eigenvalues of
both ρA and ρB.

• Each pure state has a Schmidt number, which is the number of non-zero eigenvalues of
ρA. If this number for a given state is 1, then the state is a product state and it is also
called a separable state. On the other hand, if Schmidt number is greater than 1, then
such state cannot be written as tensor product of two states and thus such states are
entangled.

Now, from the notion of SD, let us see how to quantify the entanglement entropy. Given a
set of SD coefficients, the measure of entanglement between A and B in a state |Ψ〉 that can
be considered as the entropy is given by

S(ρA) = S(ρB) = −
∑
p

d2
p ln(d2

p) (1.37)

For a product state S(ρA) = S(ρB) = 0 since the Schmidt number is 1 and d = 1 whereas
the maximum entanglement entropy is Smax = log(min(dA, dB)) which is reached for a state
for which all the dp’s are equal to 1√

min(dA,dB)
. Such state is the maximally mixed state. We

have already seen and discussed these results while we discussed the features of von Neumann
entanglement entropy.

Before ending this section, let us briefly discuss the implications of ETH for the entangle-
ment properties of many-body eigenstates (for details, see [42]). We have already discussed
that if an eigenstate |α〉of a generic many-body Hamiltonian obeys ETH, then all local observ-
ables within a sufficiently small subsystem A will have thermal expectation value. Thus, the
reduced density matrix of this subsystem ρA = TrB|α〉〈α| should be thermal (Here B stands
for the rest of the system and thus the full system is given by A ∪ B). Therefore, the von
Neumann entropy of ρA, which happens to be the entanglement entropy of A in the state |α〉
by definition, should be equal to the thermodynamic entropy. So,

Sentanglement(A) = −Tr[ρA log ρA] = Sthermal(A) (1.38)

Since the thermodynamic entropy is extensive, this immediately implies that for highly excited
eigenstates (for which ETH is typically valid since they are away from the edge of the spectrum)
|α〉, the entanglement entropy should obey the ‘volume-law’, scaling proportionally to the
volume of the system. The systems which do not thermalize i.e., the many body localized
systems, entanglement properties turn out to be drastically different [42].
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Chapter 2

Models

In this chapter, we introduce the basic models which are relevant in the context of this thesis.
Throughout the thesis, we will focus mainly on certain kinds of integrable quantum spin
models that can be mapped to free fermions. Examples of such models are transverse field
Ising model (TFIM) in one dimension (d = 1) and Kitaev model in two dimension (d = 2).
The rest of this chapter is arranged as follows. We first briefly discuss the TFIM in d = 1 and
Kitaev model in d = 2. Finally, we discuss another free fermion model, namely the Kitaev
chain in one dimension with long-ranged pairing potential.

2.1 Transverse Field Ising Model in d = 1

The transverse field Ising model (TFIM) in one dimension is defined by the following Hamil-
tonian [1, 2].

H = −
L∑
j=1

(
gσxj + σzjσ

z
j+1

)
(2.1)

where σx,y,z are the Pauli matrices and g denotes the strength of the external magnetic field.
Further, we impose the periodic boundary condition (σαL+1 = σα1 where α = x, y, z) with L
being even. TFIM is paradigmatic model to study the physics of quantum phase transition
(QTP) [1]. The ground state of the model is ferromagnetic when−1 < g < 1 and paramagnetic
otherwise, with continuous quantum critical point at g = ±1 [1].

TFIM given by Eqn. 2.1 can be exactly solved for any finite L by mapping the spin
variables to spinless fermions via Jordan-Wigner transformation [1, 3, 4]. The transformation
has the form

σxi = 1− 2c†ici (2.2)

σzi = −
(
ci + c†i

) n−1∏
j=1

(
1− 2c†jcj

)
It is evident from Eqn. 2.2 that the vacuum state of the c fermions corresponds to σx = 1
for all the sites. We denote this c fermion vacuum state by |0〉. Rewriting the Hamiltonian in
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Eqn. 2.1 in terms of these fermions we obtain (apart from some constant terms)

H = 2g
L∑
j=1

c†jcj −
L−1∑
j=1

(
c†jcj+1 + c†jc

†
j+1 + h.c

)
(2.3)

+(−1)NF
[
c†Lc1 + c†Lc

†
1 + h.c

]
The sign of the boundary term depends upon whether the total number NF of the c fermions is
odd or even. If NF is even, anti-periodic boundary condition is imposed (cL+1 = −c1) whereas
for odd NF , we have periodic boundary condition (cL+1 = c1). We note that these two sectors
do not mix due to the fact that fermion parity is conserved by the Hamiltonian. For rest of
this thesis, we shall restrict to even NF .

Since we are working with clean system, momentum k is a good quantum number. In order
to diagonalize the Hamiltonian, we go to the momentum space by Fourier transform. For this
purpose, we define

ck =
exp(iπ/4)√

L

∑
x

exp(−ikx)cx (2.4)

where k = 2πm/L with m = −(L− 1)/2, .....,−1/2, 1/2, .......(L− 1)/2. Rewriting H in terms
of ck and c†k, we get H =

∑
k>0Hk where

Hk = (g − cos(k))

[
c†kck − c−kc

†
−k

]
+ sin(k)

[
c−kck + c†kc

†
−k

]
(2.5)

This Hamiltonian connects the vacuum of the c fermions ( denoted by |0〉) with |k,−k〉 via
the relations |k,−k〉 = c†kc

†
−k|0〉 and |k〉 = c†k|0〉 with | − k〉 = c†−k|0〉. At this point, we notice

that the Hamiltonian in Eqn. 2.1 can be rewritten as

H =
∑
k

ψ†k[b(k)τz + ∆kτx]ψk (2.6)

where ψk = (ck, c
†
−k) and τx, τz denote the Pauli matrices. For TFIM in d = 1, we have,

b(k) = g − cos(k) and ∆k = sin(k).
Furthermore, for rest of this thesis, we will restrict ourselves to the parity invariant states

(PIS) in which all the positive and negative momentum modes are populated with the same
weights. All the eigenstates (which are parity invariant) |ψ〉 of the TFIM, in the presence of
the magnetic field g, are written in the form

|ψ〉 = ⊗k>0|ψk〉 (2.7)

|ψk〉 = ukn(g)c†kc
†
−k|0〉+ vkn(g)|0〉

where (ukn(g), vkn(g)) can only have either of the two forms shown below at each k to be an
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eigenstate:

(uk0(g), vk0(g)) = (− sin

(
θgk
2

)
, cos

(
θgk
2

)
) (2.8)

(uk1(g), vk1(g)) = (− cos

(
θgk
2

)
,− sin

(
θgk
2

)
)

sin(θgk) =
sin(k)√

(g − cos(k))2 + (sin(k))2

We note that the eigenstates can be conveniently represented by strings with either 0 or 1
at each k > 0, which we denote by the label nk; where 0(1) refers to (uk0(1)(g), vk0(1)(g)). The
total energy of such eigenstate is given by

E =
∑
k>0

εk(g)(2nk − 1) (2.9)

εk(g) = 2
√

(g − cos(k))2 + (sin(k))2

These states essentially represent 2L/2 of the 2L eigenstates of the TFIM (including the ground
state) in a chain of length L. For completeness, note that Hk in Eqn. 2.5 can be diagonalized
through a Bogoliubov rotation [5, 6] with angle θgk/2. This finally yields

H =
∑
k>0

εk(g)(A†kAk +A†−kA−k − 1) (2.10)

where Ak = v∗k0(g)ck−u−k0(g)c†−k. Ak denotes the Bogoliubov fermion operator at momentum

k. Thus nk equals A†kAk = 0(1) and represents such an unoccupied (occupied) single-particle
level at momentum k. Since we are only concerned about the PIS, the Bogoliubov fermions
at k and −k are always (un)occupied in pairs giving Eqn. 2.9 from Eqn. 2.10

2.2 Kitaev Model in d = 2

We will now briefly discuss the Kitaev model in d = 2. We will focus mainly on certain specific
properties of this model which we shall require later in the context of this thesis. For details
on Kitaev model see [7, 8].

The Hamiltonian for this model is defined by

H2D =
∑

j+l=even

(
J1σ

x
j,lσ

x
j+1,l + J2σ

y
j−1,lσ

y
j,l + J3σ

z
j,lσ

z
j,l+1

)
(2.11)

This Hamiltonian describes a spin model on a hexagonal 2D lattice, where j and l denote
the column and row indices of the brick-wall lattice which is an alternative representation of
the hexagonal lattice (see Fig. 2.1). The Kitaev model can be fermionized again following
the Jordan-Wigner transformation which we have discussed. The transformation has to be
performed along a one-dimensional contour that threads the entire lattice site exactly once
(see Fig. 2.1). Now, introducing a pair of Majorana fermions for each fermion, the Kitaev
model gets reduced to a model of Majorana fermions coupled to Z2 gauge fields. The crucial
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J3
J1 J2

xy

Figure 2.1: Brick-wall lattice which is equivalent to the 2D hexagonal lattice and the three
types of interactions in the Kitaev model. Also shown is the contour for the Jordan-Wigner
transformation that is employed for the fermionization of the model.

point that makes the solution of Kitaev model feasible is that the Z2 fields, which we denote
by αr, commute with H2D 2.11, so that all the eigenstates of H2D can be labeled by their
specific values (αr = ±1). It has been shown that for any value of the parameters Ji, the
ground state of the model always corresponds to all αr = 1. Since αr is a constant of motion,
the dynamics of the model starting from any ground state never takes the system outside the
manifold of states with αr = 1. The Majorana fermions can be combined pairwise on each
J3 (as shown in Fig. 2.1) bond to give the equivalent free fermion Hamiltonian on the square
lattice.

H2D = J1

∑
r

(c†r + cr)(c
†
r+x̂ − cr+x̂) + J2

∑
r

(c†r + cr)(c
†
r+ŷ − cr+ŷ) (2.12)

+J3

∑
r

αr(2c
†
rcr − 1)

where αr = 1 if one is interested in the ground state. Thus, like in the TFIM in d = 1,
H2D allows a fermionic representation (having the same form as given in Eqn. 2.6 ) where
b~k = J1 cos(kx) + J2 cos(ky), ∆~k = J1 sin(kx) + J2 sin(ky), g = J3 and ψ~k = (c~k, c

†
−~k

)T .

The energy spectrum of H2D consists of two bands with energies

E±~k = ±2[((J1 sin(kx) + J2 sin(ky))
2 + (J3 − J1 cos(kx) + J2 cos(ky))

2]1/2 (2.13)

We note for |J1 − J2| ≤ J3 ≤ (J1 + J2), these bands touch each other so that the energy gap

E+
~k
− E−~k vanishes for special values of ~k leading to gapless phase of the model.

2.3 Generalized Kitaev Chain in d = 1

In this subsection, we introduce an exactly solvable fermionic model, the generalized Kitaev
chain in d = 1 with variable range p−wave pairing terms that decay as 1/dα with the distance
d = |i− j| between two lattice sites with co-ordinates i and j [9–12]. The Hamiltonian of the
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model is given by

H = −th
L∑
j=1

(c†jcj+1 + h.c) + g

L∑
j=1

(nj − 1/2) +
∆

2

L∑
j=1

L−1∑
l=1

(
cjcj+l + h.c

dαl

)
(2.14)

where cj(c
†
j) denotes the spinless fermionic annihilation (creation) operator at site j and

nj = c†jcj is the corresponding fermion number operator. th stands for the fermionic hop-
ping strength, ∆ denotes the pairing between fermions and g is the chemical potential term.
For rest of this thesis, we shall set th = ∆ = 1/2. It is evident that when the pairing terms
are restricted to be non-zero only for the nearest neighbour on the lattice, this model can be
mapped via the Jordan-Wigner transformation to the TFIM in d = 1. In this limit, as we
have already seen, this model possess two critical points (g = ±1). We note that the phase
diagram is symmetric under g → −g. We refer the readers to Ref. [9] for the equilibrium
phase diagram and phase transitions of Eqn. 2.14 for finite α. The correlation functions de-
cay exponentially in space except at the critical point. For finite α, the correlation functions
decay exponentially at short distance but algebraically at long range for α > 1 and purely
algebraically when α < 1.

The procedure to diagonalize this model Hamiltonian is same as the one we followed to
diagonalize the fermionized form of TFIM in d = 1 (see Eqn. 2.5). The Hamiltonian can be
shown to boil down to the form H =

∑
k>0Hk where we have

Hk = (g − cos(k))τz + ∆k,ατx (2.15)

In this case, we have

∆k,α =
1

2

L−1∑
l=1

sin(kl)

dαl
(2.16)

. When L → ∞, this can be written as ∆k,α = E(Liα(eik)). Lis(z) is the polylogarithm
function of order s and argument z and E denotes the imaginary part of the complex number.
The wave function describing the full system is denoted by |ψ〉 = ⊗k>0|ψk〉, where |ψk〉 is the
two component spinor at each momentum mode k.
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Chapter 3

Eigenstate Gibbs ensemble in
integrable quantum systems

3.1 Introduction

It is well known that the basis for classical statistical mechanics is the hypothesis of equal a
priori probability (EAP). According to this hypothesis, all microstates with equal energy are
equally likely to occur during the time evolution of a closed interacting system because of dy-
namical chaos [1]. This justifies the use of microcanonical ensemble in the statistical mechanics.
On the other hand, a many-body quantum system, if prepared in one of its eigenstates, re-
mains in the same state. In such a situation, EAP is extended to the level of single eigenstates
of many-body system which results in the eigenstate thermalization hypothesis (ETH) [2–4].
As we have already discussed in chapter 1, ETH implies that if a (sufficiently complex) many-
body system is kept in one of its eigenstates, its (local) subsystems are provided with enough
quantum fluctuations by the rest of the system, so that they can be described by the most
general (unbiased) ensemble compatible with the conservation of energy of the total system.
Thus suppose that the total system, described by a Hamiltonian H, is in an eigenstate |ψ〉,
and is described by the corresponding density matrix ρ = |ψ〉〈ψ|. Then it is expected that
the reduced density matrix of the subsystem S, ρS = TrS̄ρ, obtained by integrating out its
complement S̄, should be described by an effective thermal density matrix or Gibbs ensemble
(GE) of the form TrS̄ρGE where ρGE = 1

Z
exp(−βH), with Z being the relevant normalization

constant (partition function), and the parameter β (inverse temperature) is fixed solely by
requiring that ρGE gives an energy density which equals that of the eigenstate.

Furthermore, as we have discussed in chapter 1, there exists an interesting class of inte-
grable systems reducible to free fermions that host an extensive number of conserved quantities.
We also pointed out that for such systems we have a restricted (generalized) version of ETH
which implies that such systems are effectively described by a reduced density matrix of the

form TrS̄ρGGE , where ρGGE = exp
[
−
∑NL

i λiÎi
]
/Z. Here Îi denotes the relevant integrals of

motion, λi are their corresponding Lagrange multipliers and NL is proportional to the system
size [5–8]. An important question here is whether all the integrals of motion Îi are at all
required to describe the properties of a finite subsystem. This idea of equilibrium statistical
mechanics has been extended to describe the asymptotic synchronized states of periodically
driven non-interacting systems (or those mappable to it) using periodic Gibbs’ ensemble [2],
hence the question is not necessarily limited to the domain of equilibrium statistical mechan-
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ics. We note that another related approach to thermalization is global quantum quench which
we have already discussed in chapter 1.

In this chapter, we will consider the finite energy density eigenstates of TFIM in d = 1
(described by the Hamiltonian given in Eqn. 2.1). We study the reduced density matrices
(RDMs) and local correlation functions in subsystems of l consecutive spins by performing
an unbiased sampling of the individual eigenstates in chains of linear dimension L (with L
ranging up to 105 spins). By performing a careful finite-size scaling, we find that the reduced
density matrices of a typical finite energy density eigenstate approach the standard GE form
(and not a GGE) determined only by the energy density of the eigenstate for l � L, but not
for finite l/L, as L→∞. This is in spite of the integrable nature of the model and is because
the densities of all the additional “local” conserved quantities approach their “thermal” values
as L → ∞, and so the corresponding Lagrange multipliers vanish. This provides an explicit
example of weak ETH [10] where typical (but not all) energy eigenstates appear thermal when
local correlation functions are probed. We note that such a weak ETH scenario has been
numerically demonstrated in a different kind of (Bethe integrable) spin model [11] and a Bose
gas [12] in one dimension. However, only the infinite temperature ensemble was considered
in Ref. [11], while we have no such restriction on the average energy density of the sampled
eigenstates.

Furthermore, we also consider the local properties of the rare eigenstates where the effects of
the other integrals of motion (apart from the Hamiltonian) becomes apparent. The presence of
(rare) eigenstates which do not follow a GE locally in the thermodynamic limit is a consequence
of the integrability of the model, since such states are believed to be absent in a generic system
(for numerical tests of the same, see Refs. [13–15]). The fraction of such rare eigenstates shrinks
to zero in the thermodynamic limit but these can also be sampled efficiently by our method
and their local properties are then shown to be described by RDMs that approach appropriate
“truncated” GGEs as L→∞ and l� L where only a few (O(1)) integrals of motion need to
be retained for an accurate description for a majority of such states.

Finally, we also consider a sudden quench of the magnetic field in the 1D TFIM where the
initial state is not the ground state of the pre-quench Hamiltonian but instead a typical finite
energy density eigenstate, and study the nature of the steady state obtained at asymptotically
large times. We show that even though the initial (pure) state is locally thermal, the final
state needs a full GGE description for its local properties. However, the behaviour of the
Lagrange multipliers in the GGE has important differences compared to a quench starting
from the ground state of the pre-quench Hamiltonian [16], which we point out.

3.2 Some Preliminaries

We have already discussed some basic features of TFIM in d = 1 in chapter 2. Now, we will
discuss few more important things related to TFIM in d = 1 which will be useful for our
subsequent discussions.

3.2.1 Generalized Gibbs ensemble

To write down the GGE description for the individual eigenstates (Eqn. 2.8) in the TFIM or
for the steady state obtained after a quantum quench, we need to specify the extensive number
of integrals of motion Îi present in the model. From the Jordan-Wigner transformation as
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discussed in chapter 2 (see Eqn. 2.2), it is clear that the average occupation number of the
Bogoluibov fermion at each momentum k, i.e., nk = A†kAk, is a conserved quantity and the
number of such conserved quantities scales extensively with L. For the case of quantum
quenches, as pointed out in chapter. 1, the GGE construction [6, 7] is given by

ρGGE =
1

Z
exp(−

∑
k

λknk) (3.1)

where the Lagrange multiplier λk is defined as

λk = log

(
1− 〈nk〉
〈nk〉

)
(3.2)

with 〈nk〉 = 〈ψ|A†kAk|ψ〉, where A†kAk refers to the Bogoluibov fermion occupation of the
post-quench Hamiltonian in case of the quantum quench.

This form of the GGE, however, does not make it clear as to which conserved quantities
need to be retained and which can be ignored when describing local properties of the system,
since the occupation numbers nk are non-local in real space. Moreover, these conservations
do not possess corresponding local densities, unlike the Hamiltonian. Another problem with
this form of ρGGE arises when considering exact eigenstates of the TFIM, and not the steady
state following a quench, since there the corresponding Lagrange multipliers λk are not defined
microscopically as each nk can only be 0 or 1.

An equivalent representation of ρGGE was constructed by Fagotti and Essler for the TFIM in
d = 1 [16] where only the local (in space) conservations I±n (where n is a non-negative integer)
present in the model were considered for constructing the GGE. Each such I±n involves n+ 2
neighboring spins but can be written in a straightforward manner in terms of the occupations
numbers nk [16] as

I+
n =

∑
k

cos(nk)εk(g)nk

I−n = −
∑
k

2 sin[(n+ 1)k]nk (3.3)

Again, it is implicit here that nk in the definition of I±n refers to the average Bogoluibov
fermion occupation of the post-quench Hamiltonian in the case of a quantum quench.

The GGE can now be defined in terms of these local integrals of motion as

ρGGE =
1

Z
exp

− (L/2)−1∑
n=0

∑
σ=±

[λσnI
σ
n ]

 (3.4)

where the Lagrange multipliers λσn are fixed by the conditions:

Tr[ρGGEI
σ
n ] = 〈ψ|Iσn |ψ〉 . (3.5)

This representation of the reduced density matrices serves as the ideal starting point for
the issues that we address here. Firstly, as was shown in Ref. [16] for the case of quantum
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quenches in the TFIM, the properties of local subsystems with l consecutive spins in the final
steady state can be understood by only considering the y most local conservation laws, i.e.,

ρ
(y)
GGE =

1

Zy
exp

(
−

y−1∑
n=0

∑
σ=±

[λσn,yI
σ
n ]

)
(3.6)

where y ∼ O(l) gives a very good description of the sub-system properties and including more
non-local conservation laws only gives an exponentially small exp(−y) correction thereafter.
Thus, for describing the properties of subsystems of size l, Iσn with n � l can be completely
ignored. We will show later that similar behaviour occurs for the reduced density matrices
for l consecutive spins when finite energy density eigenstates of the TFIM are considered,
with y ∼ O(l) providing a very good description of the subsystem. Secondly, unlike λk, the
Lagrange multipliers λσn,y are well-defined microscopically for the eigenstates.

For the eigenstates which are also PIS (Eqn. 2.8), it is easy to see that I−n = 0 because
nk = n−k (Eqn. 3.3). Thus, we need to only consider the integrals of motion I+

n and will
henceforth suppress the index + from both I+

n and λ+
n . Also, I0 equals the total energy of the

system (shifted such that the ground state has zero energy) and thus the Lagrange multiplier
λ0 can be identified with the inverse temperature β. Since both the descriptions of ρGGE are
equivalent (Eqn. 3.1 and Eqn. 3.4), it is possible to transform from λk to λn by using:

λn =

(
2− δn,0
L

)∑
k>0

λk
εk

cos(nk). (3.7)

3.2.2 Reduced density matrices and the distance measure

We proceed in a similar way to Ref. [17] to calculate the entanglement of l adjacent spins for
the TFIM. The reduced density matrices for any individual eigenstate of the form given in
Eqn. 2.8 is most simply calculated after expressing that state in terms of the c fermions. Since
the transformation between the spins and the fermions is non-local, we cannot express the
reduced density matrix of l non-adjacent spins in any simple manner in terms of the fermion
correlations involving only the sites within the subsystem. However, if we take l adjacent
spins as the subsystem, then all the non-zero spin correlations involving any subset of these l
sites for a finite L can be expressed in terms of the fermionic correlation functions at these l
sites [18, 19]. This is straightforward to see for correlation functions involving σxn only since
these are local in terms of the c fermions. Moreover, even for correlations functions involving
an even number of σzn, (σzn being non-local in terms of the c fermions, see Eqn. 2.2), the
Jordan-Wigner strings outside the subsystem cancel and the resulting expression is in terms
of the fermions within the subsystem only. Correlations functions with an odd number of σzn
are zero due to the Z2 symmetry of the model. The RDM can then be calculated solely by
considering the correlation functions of the fermions in the subsystem. Furthermore, since the
fermions are non-interacting, all higher point fermionic correlators can be calculated from the
two-point correlation functions using Wick’s theorem [20, 21].

The two-point fermionic correlations can be expressed in terms of two l×l matrices [20, 21],
C and F, whose elements are constructed by knowing (ukn(g), vkn(g)) for the eigenstate |ψ〉
(Eqn. 2.8 and Eqn. 2.8):
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Cij = 〈ψ|c†icj|ψ〉 =
2

L

∑
k>0

|ukn(g)|2 cos(k(i− j))

Fij = 〈ψ|c†ic
†
j|ψ〉 =

2

L

∑
k>0

u∗kn(g)vkn(g) sin(k(i− j))

(3.8)

where i, j refer to sites in the subsystem.
The reduced density matrix for a block of l adjacent spins can be written in terms of the

c fermions as

ρS =
1

ZS
exp(−HS) (3.9)

where HS denotes its “entanglement Hamiltonian” and ZS ensures the correct normalization
Tr(ρS) = 1. HS is a quadratic Hamiltonian in the operators ci, c

†
i and has the general form

HS =
∑
i,j

(
c†iAijcj +

1

2
ciBijcj −

1

2
c†iB∗ijc

†
j

)
(3.10)

where i, j are restricted to the l sites of the subsystem which we label from 1 to l without loss
of generality. The elements Aij and Bij then form the elements of the l× l matrices A and B
respectively. Since HS is Hermitian, this implies that A† = A and BT = −B.

We now introduce the following notations:

cT =
(
c1 . . . cl

)
(3.11)

cTS =
(
c c†

)
LS =

(
A/2 −B∗/2
B/2 −A∗/2

)
Then the entanglement HamiltonianHS can be expressed as (apart from an additive constant):

HS = c†SLScS (3.12)

Since LS is a 2l × 2l Hermitian matrix, it can be diagonalized according to a Bogoliubov
transformation:

ηS =

(
η
η†

)
= T

(
c
c†

)
(3.13)

where T is a unitary matrix. Thus,

LS = T †DT (3.14)

where D is a 2l × 2l matrix with diagonal entries only. This diagonal matrix has the form:

D =

(
ε 0
0 −ε

)
(3.15)
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where ε = diag(ε1, ...., εl) with each element being real-valued. The unitary matrix T and the
diagonal matrix D can both be obtained from the 2l × 2l matrix C(l) defined by

C(l) =

(
I-C F†

F C

)
(3.16)

To show this, we simply note that

C(l) = 〈cSc†S〉 = T †〈ηSη†S〉T (3.17)

= T

(
1

exp(−ε)+1
0

0 1
exp(−ε)+1

)
T

which follows from 〈η†kηk′〉 = 1
exp(εk)+1

δk,k′ sinceHS =
∑l

k=1 εkη
†
kηk. Hence, the reduced density

matrix ρS can be evaluated by knowing the eigenvalues and eigenvectors of C(l). Particularly,
the entanglement entropy of the subsystem Sent(l) only requires the eigenvalues:

Sent(l) = −Tr(ρS log ρS) = −
k=2l∑
k=1

pk log(pk) (3.18)

where pk is the k-th eigenvalue of C(l).
We now define a distance measure for the reduced density matrices in an eigenstate |ψ〉

to quantify how well these operators are described by the truncated GGEs based on a few
local integrals of motion. Since all the local conservations În are quadratic in the c fermions
(Eqn. 3.3), one can simply define the distance measure using the correlation matrices C(l) and

C(y)
GGE(l) [22], where the latter is calculated assuming the density matrix of the full system to

be ρ
(y)
GGE (Eqn. 3.6). We use the standard trace distance between these two matrices to define

the distance measure D(C(l), C(y)
GGE(l)) as

1

2l
Tr

√
(C(y)

GGE(l)− C(l))†(C(y)
GGE(l)− C(l)) (3.19)

Note that 0 ≤ D(C(l), C(y)
GGE(l)) ≤ 1 and is identically zero only when C(y)

GGE(l) = C(l). When

D(C(l), C(y)
GGE(l)) = 0, it implies that all the (non-zero) correlation functions 〈ψ|O|ψ〉, where O

is defined using any subset of the l spins in the subsystem, coincides with the values obtained
from the corresponding truncated GGE.

3.3 Algorithm for sampling eigenstates

For a large chain of size L, since there are 2L/2 eigenstates that are parity invariant, it is not
possible to extract the local properties for each individual state in a numerical calculation.
Instead, we use an unbiased sampling procedure which we detail below, to extract individual
eigenstates from a microcanonical ensemble with the mean value of the energy density e =
〈ψ|H|ψ〉/L being equal to the “target” energy density eT and the fluctuations around the
mean ∆e → 0 as L → ∞. Our sampling is based on the standard algorithm for performing
a microcanonical Monte-Carlo (MC) simulation introduced by Creutz [23], where an extra
degree of freedom, which we call “demon”, travels throughout the system exchanging energy
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with it, and changing the dynamical variables as a result.
In the context of the TFIM, we can think of the demon traveling in k space and attempting

to update the Bogoluibov fermion occupations nk(= 0(1)) which fully define the eigenstate
(Eqn. 2.8). In detail, a momentum k from the allowed positive momenta at system size L is
chosen at random. Upon reaching k, the demon attempts to flip the variable nk from 0(1) to
1(0). If this move lowers the energy of the system E =

∑
k>0 2εk(g)nk, this energy is then

given to the demon and the flip is accepted. The demon energy, which we denote by ED, is
then updated to ED′ as follows

ED → ED′ = ED + E − E ′ (3.20)

where E
′

is the new energy of the system. Note that the total energy of the system and the
demon remains conserved in this process. Similarly, if the system’s energy is increased by
the flip, the demon supplies that required energy and its own energy is decreased accordingly.
However, to keep the demon from running off with all the energy, we restrict ED ≥ 0 and so
only those flips are accepted for which ED′ ≥ 0, otherwise the flip is rejected. This Monte-
Carlo (MC) procedure thus generates an unbiased random walk in the space of configurations
with E + ED = ET since the transition (ED, E)→ (ED′ , E

′
) and its reverse are allowed with

equal probability. The mean energy density of the sampled energy eigenstates during the MC
can be tuned to a required target energy density eT by starting with an initial demon energy
ED = 0 and choosing an initial eigenstate with the appropriate energy density ET/L. The
width in the energy densities of the sampled eigenstates ∆e→ 0 as L→∞ since ED � E as
L � 1. We define one Monte-Carlo step (MCS) as L/2 flip attempts by the demon, and use
the first 104 MCS as warm-up so that the memory of the initial eigenstate choice is lost, and
then use the next 106 MCS for measurements of the individual properties of these sampled
eigenstates.

3.4 Properties of typical eigenstates

To understand the local properties of the typical eigenstates from a microcanonical ensemble
with a desired mean energy density eT at a magnetic field strength g, we sample such states
using our MC and measure 〈ψ|σx|ψ〉, 〈ψ|I1|ψ〉/L, the distance measure D(C(l), C(y)

GGE(l)) de-
fined in Eqn. 3.19 (all of which may be readily calculated in the c fermion representation) with
different choices of truncated GGEs for subsystems of l adjacent spins and the entanglement
entropy Sent(l) of such a block for each of the generated eigenstate.

Here, we show the results of the MC for g = 2 with a mean energy density of eT = 0.3986
(within error bars). The average demon energy 〈ED〉 is finite and equals 3.84 (Fig. 3.1, inset).
Firstly, we see that for large chain sizes, the sampled eigenstates have an energy density E/L
which has a very narrow spread that rapidly shrinks to zero with increasing L (see Fig. 3.1),
thus leading to an unbiased sampling of eigenstates from the microcanonical ensemble.

We show the probability densities of the sampled values of 〈ψ|σx|ψ〉 and 〈ψ|I1|ψ〉/L ob-
tained from the MC in Fig. 3.2. The sampled values have a Gaussian distribution whose mean
depends only on eT for a given g and standard deviation that decays to zero as L−1/2 (insets
of Fig. 3.2). This numerical evidence strongly suggests that, in the thermodynamic limit, the
local properties for any typical eigenstate of the TFIM in d = 1 (the atypical states contribute
to the tails of the distributions becoming increasingly rare with increasing system size during
the MC) depend only on the energy density eT . Then, the natural ensemble to get the local
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Figure 3.1: Probability density of E/L for the sampled eigenstates at coupling g = 2 and
target energy density of eT = 0.3986. For the chain sizes used, the range of the sampled E/L
is very small and mimics a microcanonical ensemble. The inset shows the behaviour of the
demon energy ED during the sampling procedure.
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Figure 3.2: Probability density generated from the sampled values of 〈ψ|σx|ψ〉 (Left panel)
and 〈ψ|I1|ψ〉/L (Right panel) for various L at g = 2 from within a microcanonical ensemble
with average energy density of eT = 0.3986. σxTH and (I1/L)TH denote the corresponding
thermal values at a finite β fixed only by the average energy density eT in the thermodynamic
limit. The insets of both the figures show that the standard deviation σ decreases as L−1/2.

properties correctly as L→∞ is the GE where the inverse temperature β is calculated from
the mean energy density eT , and is β = 0.2604 in this case.

This is indeed what is observed when the mean values of 〈ψ|σx|ψ〉 (Fig. 3.2, left panel) and
〈ψ|I1|ψ〉/L (Fig. 3.2, right panel) are calculated from the sampled eigenstates. Since the width
around the mean shrinks to zero when L → ∞, typical eigenstates have the corresponding
thermal values for 〈ψ|σx|ψ〉 and 〈ψ|I1|ψ〉/L in this limit. Indeed, normal distribution of the
fluctuations about the mean thermal value and the L−1/2 scaling of the standard deviation was
also observed in free models [10] and in quantities studied in Ref. [11], and may be a generic
feature of many observables in typical eigenstates of integrable models at finite sizes.
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Figure 3.4: (Left panel) The distance measure D(C(l), C
(1)
GGE(l))→ 0 as L→∞ when l � L

implying that the local RDMs are thermal. This is however not the case when subsystems
with finite l/L are considered (Right panel).

It is useful to note here that that not all local operator expectation values in these typical
eigenstates are normally distributed about the thermal mean value at finite chain size L. E.g.,
we show the behaviour of the connected correlation function Gxx

c (r) = 〈ψ|σx(r+ 1)σx(1)|ψ〉−
〈ψ|σx|ψ〉2 for r = 2 in Fig. 3.3, where the distribution function is clearly asymmetric (and
not Gaussian about the corresponding thermal mean value) but shrinks to the thermal value
again as L→∞.

To show unambiguously that the equivalence to GE holds at the level of the reduced density
matrices, which implies that

ρS = TrS̄ |ψ〉〈ψ| = TrS̄ρGE (3.21)

where ρGE = 1
Z exp(−βH) for a typical eigenstate |ψ〉 when L→∞.
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As long as the subsystem is local (i.e. l � L), we consider the behaviour of the average

D(C(l), C
(1)
GGE(l)) (where the truncated GGE with y = 1 coincides with GE, and we have used

the inverse temperature β = 0.2604 which is fixed to give the correct average energy density
eT of the sampled eigenstates) and see that the distance measure itself goes to zero for the
typical states as L → ∞ (see Fig. 3.4, left panel), again as L−1/2 at large L (we have also
verified this for bigger subsystems till l ≤ 100). This implies that all typical eigenstates are
locally described by a GE in the thermodynamic limit. We also see that if subsystems with
finite l/L are considered, then the distance measure does not go to zero as L→∞ even when
l/L is very small (Fig. 3.4, right panel). This is because global operators which involve spins
at a spatial separation l ∼ O(L) cannot be described by a thermal reduced density matrix as
the rest of the system cannot then act as a bath for the subsystem.

Finally, we show evidence that this feature of typical eigenstates locally behaving as if they
are thermal holds at all values of energy density eT for the coupling g = 2. With our MC,
we can also access eigenstates with a negative values of β (i.e., eigenstates which lie above the
middle of the spectrum) by restricting the demon energy to be ED ≤ 0 (instead of ED ≥ 0)
in the MC and these continue to be described by the corresponding GEs. To demonstrate
the local thermal behaviour, we calculate the entanglement entropy Sent(l) directly from the
sampled eigenstates and see that these agree very well with the corresponding thermal value
of the entropy STH(l) assuming a GE for the full system (see Fig. 3.5). Since the spectrum
of the TFIM in d = 1 is bounded, the entanglement shows a non-monotonic behaviour with
varying energy density. We have further checked that the typical eigenstates at other values
of the magnetic field g also behave thermally as far as local properties are concerned. Since
we are considering a one-dimensional model here, such eigenstates are always paramagnetic
(i.e. 〈ψ|σz|ψ〉 = 0) in the thermodynamic limit for any finite energy density irrespective of
the value of g.
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Figure 3.5: The entanglement entropy of small subsystems of size l, denoted by Sent(l), ob-
tained from the typical eigenstates sampled at different energy densities E/L at coupling g = 2
for a chain size of L = 5000. These match very well with the corresponding thermal entropy
STH(l) obtained from the average energy density of the sampled eigenstates.

The thermal behaviour of the local observables in the typical eigenstates of the TFIM in
the thermodynamic limit can be related to an analogous behaviour of the Bogoluibov fermion
occupation nk which determine the densities of all the (local) conserved quantities of the model
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(Eqn. 3.3). When L→∞, we get

In
L

=
1

π

∫ π

0

cos(nk)ε(k)nc(k) (3.22)

where the momentum k becomes a continuous variable and nc(k) ∈ [0, 1] represents the average
occupation of the Bogoluibov fermions at momentum k. For free fermions, it was demonstrated
in Ref. [24] (see also Refs. [25, 26]) that if a “coarse-grained” occupation number nc(k), de-
fined through some suitable averaging procedure of the microscopic variables nk in a shell of
(infinitesimal) width δk around k is considered, then the most probable form of nc(k) appears
thermal (i.e. the Fermi-Dirac distribution for free fermions) by the standard entropy max-
imization argument. Clearly, many different microscopic realizations of nk = 0, 1 can give
the same “coarse-grained” nc(k) in the thermodynamic limit, which explains the resulting
thermal values of the densities, In/L, for the typical eigenstates as L → ∞ (Fig. 3.2). For a
finite system size of L, there are O(δkL) momentum modes in a shell of width δk around k,
and hence fluctuations of O(1/

√
L) that are normally distributed around the most probable

nc(k) can be expected for typical eigenstates by the Central Limit Theorem. This explains
the normal distribution of 〈ψ|σx|ψ〉 and 〈ψ|I1|ψ〉/L about the corresponding thermal values
at finite L (Fig. 3.2) since these quantities depend linearly on the fermion occupation.

3.5 Sampling atypical eigenstates

The demon algorithm can be easily generalized to generate atypical eigenstates from within the
microcanonical ensemble that do not satisfy GE. These states are characterized by athermal
values of the densities In/L and there is again a large number of such eigenstates (O(eL))
for a chain of size L. We adapt our algorithm to sample energy eigenstates from within a
truncated generalized microcanonical ensemble defined by (E/L, I1/L, · · · ) where the densities
of the other integrals of motion (I1/L, · · · ) are set to be significantly different from their
corresponding thermal values in the thermodynamic limit. Clearly, such eigenstates cannot
be described by a GE locally. Here, we discuss our results for typical eigenstates from within
the simplest (truncated) generalized microcanonical ensemble (E/L, I1/L) and the extension
to other cases is immediate.

For sampling such rare eigenstates, we now endow the demon with two properties ED and
(I1)D. The demon again visits a momentum k randomly from the allowed positive momenta
at system size L and attempts to flip the variable nk from 0(1) to 1(0). The demon variables
ED and (I1)D are simultaneously updated as

ED → ED′ = ED + E − E ′

(I1)D → (I1)D′ = (I1)D + I1 − I
′

1 (3.23)

where E =
∑

k>0 2εknk and I1 =
∑

k>0 2εknk cos(k) as defined earlier, and E
′

and I
′
1 are the

correspondingly values after the flip. We further restrict the demon to have ED ≥ 0 and
(I1)D ≥ 0 at all times and only those flips which satisfy these conditions simultaneously are
accepted, otherwise the flip attempt is aborted and another k is chosen at random. We choose
the initial seed eigenstate with appropriate values of ET and (I1)T and initialize ED, (I1)D = 0.
Since the MC conserves E + ED = ET and I1 + (I1)D = (I1)T and in a large system, since
ED � E and (I1)D � I1, we therefore only sample eigenstates with a fixed energy per
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Figure 3.7: The local properties of typical eigenstates with E/L = 0.3986 and (I1)/L = −0.093
at g = 2 (which is very different from (I1/L)TH = +0.075) are not described by a GE in the
thermodynamic limit (Left panel), but by a y = 2 truncated GGE with β = 0.296 and
λ1 = 0.129 (Right panel).

site and a fixed density (I1)/L when L → ∞. Here, we show sampling of eigenstates at
g = 2 with the same E/L = 0.3986 as in the previous section but now with a very atypical
value of (I1)/L = −0.093 (Fig. 3.6) which is far from the corresponding thermal value of
(I1/L)TH = +0.075 given the energy density.

For the typical eigenstates generated in this generalized microcanonical ensemble, we
clearly see that the reduced density matrices cannot be described with corresponding GEs,
unlike in the previous case (Fig. 3.7, left panel) since now the distance measure does not go
to zero with y = 1. However, the truncated GGE with y = 2 (i.e. with the athermal density
of I1 taken into account through λ1), which gives β = 0.296 and λ1 = 0.129, exactly describes
the local properties of these sampled eigenstates in the thermodynamic limit when l � L
(Fig. 3.7, right panel).
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Using the basic definition of entropy S = log(Ω), where Ω denotes the number of eigen-
states that share the same local properties, we thus see that the probability of encountering
an eigenstate which is described by a y = 2 ensemble characterized by (E/L, I1/L) (where
I1/L is athermal) versus an eigenstate described by a GE characterized by E/L alone equals
exp[−L{s(E/L) − s(E/L, I1/L)}], where s(E/L) is the entropy density of the system at in-
verse temperature β fixed by E/L and s(E/L, I1/L) is the corresponding entropy density for
the system described by a y = 2 truncated GGE, with (β, λ1) fixed jointly by (E/L, I1/L).
This quantifies why such athermal eigenstates are “rare” states in the TFIM, even though
their number still scales exponentially with system size.

Similarly, we have numerically verified that a typical energy eigenstate from other gen-
eralized microcanonical ensembles with the first m + 1 local conservations laws specified is
completely characterized (as far as all local properties are concerned) by a suitable truncated
GGE with only y = m + 1 as L → ∞. This behaviour in the thermodynamic limit can be
argued from the corresponding most probable distribution of the coarse-grained (in momen-
tum space) Bogoluibov fermions occupations nc(k) (Eqn. 3.22) by extending the arguments of
Ref. [31], taking into account the additional conservation laws which specify the generalized
microcanonical ensembles in terms of the Bogoluibov fermion occupations nk.

3.5.1 Truncated GGE for an arbitrary eigenstate

For typical eigenstates drawn from generalized microcanonical ensembles in the TFIM in d = 1,
we have demonstrated that only a few Lagrange multipliers are necessary for describing all
the local properties of the state in a thermodynamically large system and all other Lagrange
multipliers can be set to zero. For example, a GE with only λ0 = β being non-zero, and
all other Lagrange multipliers λn = 0, provides the description for all local properties for
typical eigenstates drawn from a microcanonical ensemble as shown in Sec. 3.4. What about
the eigenstates where the Lagrange multipliers λn cannot be set to be zero beyond a certain
n and a full GGE description is therefore necessary? These eigenstates nonetheless have a
finite energy density E/L and show a volume law behaviour for the entanglement entropy
and we study the reduced density matrices of these states in this section. These eigenstates
are generated by ensuring that the coarse-grained (in momentum space) Bogoluibov fermion
occupation nc(k) is a discontinuous function of k in the thermodynamic limit. There are
several ways to achieve this and most simply, these eigenstates are obtained by placing the
Bogoluibov fermion occupations nk = 0(1) with probability 1− p1(p1) in the first L/2 positive
k modes and with a different probability 1− p2(p2) in the next L/2 modes. For a large chain
size L, any typical realization of this random process of placing nk = 0(1) generates an energy
eigenstate where the coarse-grained nc(k) is p1 for 0 ≤ k ≤ π/2, and p2 for π/2 ≤ k ≤ π. The
discontinuity in nc(k) then leads to a slow decay of |λn| as 1/n (see Fig. 3.8 (Left panel)) for
any p1 6= p2. In Fig. 3.8 (Right panel), we show the results of the comparison of the RDMs for
such an atypical eigenstate in a chain size of L = 2000, where we take p1 = 0.1 and p2 = 0.4,
with various truncated GGEs.

Even though the full GGE is required if we need the accurate description of all local
properties for such eigenstates in the thermodynamic limit, we clearly see that depending
on the subsystem size l being considered, one still requires only the first y ∼ l most local
conservation laws for an “accurate” description of the properties of even such eigenstates
and not all the integrals of motion from the behaviour of the distance measure D(l) (Fig. 3.8,
down panel). Going to bigger subsystems requires specifying a larger number (y) of integrals of
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Figure 3.8: (Left panel) The decay of |λn| as a function of n in an eigenstate where the coarse-
grained nc(k) is discontinuous in the thermodynamic limit with p1 = 0.1 and p2 = 0.4. (Right
panel) Results for the distance measure D(l) for such a highly atypical eigenstate generated
with p1 = 0.1 and p2 = 0.4 for a chain size of L = 2000 as a function of l with different
truncated GGEs.

motion to reduce D(l). However, even for such eigenstates, we see that the most local integrals
of motion play the most important role in describing local properties, and this constitutes the
“eigenstate thermalization version” of a similar conclusion reached in Ref. [16] for steady states
following quantum quenches in the 1D TFIM.

3.6 Quench from a typical eigenstate

We now address the situation when the Hamiltonian is time-dependent and consider the
simplest case of a quantum quench, where the magnetic field g is suddenly changed from a
pre-quench to a post-quench value at t = 0. Typically, when considering quantum quenches,
the starting state is assumed to be the ground state of the pre-quench Hamiltonian. Here, we
consider the case where the initial state is instead a typical excited eigenstate of the pre-quench
Hamiltonian (see also Ref. [28]). Since such initial states are locally thermal as we explicitly
showed in the previous sections, a natural question is whether the unitary dynamics following
the quantum quench at t = 0 keeps them thermal at long times.

We will show here that this is not the case since such states do not have a finite overlap
with the typical eigenstates of the post-quench Hamiltonian but only with its rare eigenstates
in the thermodynamic limit. However, if the initial state was an eigenstate of a non-integrable
model, the final steady state might appear thermal [27]. Thus, the long-time description of
the steady state again requires a GGE but there are important differences when compared to
a ground state quench.
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The density matrix of the full system at a finite time can be written formally as

ρ(t) = |ψ(t)〉〈ψ(t)|
=

∑
i

|〈ψfi |ψ(0)〉|2|ψfi 〉〈ψ
f
i |

+
∑
i1 6=i2

e−i(E
f
i1
−Efi2 )t〈ψfi1 |ψ(0)〉〈ψ(0)|ψfi2〉|ψ

f
i1
〉〈ψfi2|

(3.24)

where |ψfi 〉 represent the eigenstates of the post-quench Hamiltonian, Ef
i its energy and |ψ(0)〉

denotes the starting state at t = 0. In the thermodynamic limit, the i1 6= i2 terms cancel each
other out when t→∞ [4, 8] and hence, the density matrix of the steady state of the system
coincides with the Diagonal ensemble (DE), described by the time-independent density matrix
ρDE:

ρDE =
∑
i

|〈ψfi |ψ(0)〉|2|ψfi 〉〈ψ
f
i |. (3.25)

0 1 2 3 4 5
t

0.7

0.71

0.72

0.73

0.74

<
ψ
(t
)|

σ
x
|ψ
(t
)>

DE

Figure 3.9: The time evolution of the expectation value of the local operator σx where the
starting state at t = 0 is a typical eigenstate (generated from the demon algorithm) at the
coupling gi = 2 and chain size L = 30000. The system’s magnetic field is quenched to gf = 3
at t = 0 and the unitary dynamics of the state leads to the Diagonal ensemble at long time
(but smaller than the revival time of the finite system).

In a finite system, any local operator will show revivals but this time scale becomes pro-
gressively larger and diverges [29] as L→∞.

The time-dependent wave function |ψ(t)〉 = ⊗k>0|ψk(t)〉 for the quench, where |ψk(t)〉 =
Un
k (t)c†kc

†
−k|0〉 + V n

k (t)|0〉, can be easily worked out for t > 0, by expressing the t = 0− state
at each k in terms of the (Uk0(1)(gf ), Vk0(1)(gf )) at the new coupling gf . Doing this, we obtain
Un
k (t) and V n

k (t) as follows:
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Figure 3.10: (Left panel) The probability density of 〈I1(gf )〉/L obtained from the steady state
of the system starting from typical eigenstates at chain size L and at coupling gi = 2 and
quenched to a post-quench coupling of gf = 3. The inset shows the corresponding probability
density for 〈H(gf )〉/L in the steady state. (Right panel) The corresponding probability density
of 〈σx〉 in the steady state. Clearly, the system’s steady state is no longer described by a GE
after the quench.

(
U0
k (t)

V 0
k (t)

)
= +e+iεk(gf )t cos((θik − θ

f
k)/2)

(
Uk0(gf )
Vk0(gf )

)
+ e−iεk(gf )t sin((θik − θ

f
k)/2)

(
Uk1(gf )
Vk1(gf )

)
(
U1
k (t)

V 1
k (t)

)
= −e+iεk(gf )t sin(

θik − θ
f
k

2
)

(
Uk0(gf )
Vk0(gf )

)
+ e−iεk(gf )t cos(

θik − θ
f
k

2
)

(
Uk1(gf )
Vk1(gf )

)
(3.26)

with the n = 0(1) index in Un
k (t) and V n

k (t) denoting whether the t = 0− eigenstate at
g = gi is (Ukn(gi), Vkn(gi)) at momentum k, and θik, θ

f
k denote the Bogoluibov angles θgk (see

Eqn. 2.8) for the pre-quench (gi) and post-quench (gf ) values of the magnetic field respectively.
We show the result of 〈ψ(t)|σx|ψ(t)〉 for a typical eigenstate at gi = 2 generated from the demon
algorithm with eT = 0.3986 where the magnetic field is quenched to gf = 3 at t = 0 in Fig. 3.9.
We see that that 〈ψ(t)|σx|ψ(t)〉 already converges close to the DE result after a relatively short
time t ∼ 5.

We next calculate the steady state values of local observables 〈H(gf )〉/L, 〈I1(gf )〉/L and
〈σx〉 given that the quench starts from each of the sampled eigenstates from the MC (with
gi = 2 and eT = 0.3986) at t = 0 using the appropriate DE determined by the initial state at
gi and the value of gf and show the probability distributions of these steady state quantities
in Fig. 3.10.

The distributions of the DE values for the quantities shown in Fig. 3.10 are normally
distributed and the standard deviation progressively shrinks to zero as L is increased, which
implies that in the thermodynamic limit, quenches originating from any typical eigenstate
characterized by the same initial energy density eT at coupling gi lead to steady states which
are identical as far as local properties are concerned. However, the mean values of the steady
state distributions of 〈I1(gf )〉/L (Fig. 3.10, Left panel) and 〈σx〉 (Fig. 3.10, Right panel) are
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very different from the expected GE results fixed by the mean energy density of the final post-
quench Hamiltonian (see inset of left panel in Fig. 3.10). Thus the steady state obtained after
a quantum quench from a typical eigenstate of the pre-quench Hamiltonian is not thermal and
further conservation laws are needed for a quantitative agreement.

We now detail the construction of the GGE in the thermodynamic limit, and give the
analytic expression for the Lagrange multipliers λn. The mean of the probability distributions
of the different quantities shown in Fig. 3.10 (〈H(gf )〉/L, 〈I1(gf )〉/L and 〈σx〉) are all cor-
rectly captured by this GGE, and provides strong numerical support for its correctness in the
thermodynamic limit.

After a quench, the average Bogoliubov fermion number 〈ni,fk 〉 at each k is conserved (and
thus does not change as a function of t) because of the form of the post-quench Hamiltonian.
Then, we have

〈ni,fk 〉 = (p) sin2

(
θik − θ

f
k

2

)
+ (1− p) cos2

(
θik − θ

f
k

2

)
(3.27)

where p = 0(1) if nk(gi) = 0(1) for the eigenstate of gi at t = 0. In the thermodynamic
limit, all the microscopic nk(gi) lead to the same coarse-grained nc(k) which follows a thermal
distribution that is fixed only by the average energy density of the eigenstate. Thus, when
L → ∞, we can replace the p variables (which equal nk(gi) microscopically) by the same
thermal distribution to get its coarse-grained version:

pc(k) =
exp(−βεik)

exp(−βεik) + exp(+βεik)
(3.28)

where β is the inverse temperature of the GE that describes the local properties of the typical
eigenstates at gi. Thus, in the L→∞ limit, we obtain

〈ni,fk 〉 =
e−βε

i
k cos2

(
θik−θ

f
k

2

)
+ eβε

i
k sin2

(
θik−θ

f
k

2

)
e−βε

i
k + eβε

i
k

(3.29)

The Lagrange multipliers λn w.r.t the final post-quench Hamiltonian (at gf ) are then
defined by using Eqn. 3.2 and Eqn. 3.7:

λn =
2− δn,0

π

∫ π

0

cos(nk)F(gi, gf , β, k)

F(gi, gf , β, k) =
1

2εfk
log

(
1− 〈ni,fk 〉
〈ni,fk 〉

)
(3.30)

Thus, knowing the initial energy density of the typical eigenstate at the pre-quench mag-
netic field value of gi, and the couplings gi and gf , completely fixes the Lagrange multipliers
(λn) and hence the GGE from Eqn. 3.6. The values obtained from this GGE are fully consis-
tent with the mean values of 〈H(gf )〉/L, 〈I1(gf )〉/L, σx in the steady state around which the
standard deviation shrinks to zero as L → ∞ in Fig. 3.10. At low β, this expression can be
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Figure 3.11: (Left panel) The singularities present in F(gi, gf , β → ∞, k) at k = 0, π get
rounded off at finite β that corresponds to the energy density of a typical (pre-quench Hamil-
tonian’s) eigenstate. (Right panel) The decay of the Lagrange multipliers for the post-quench
GGE as a function of distance n. Here, gi = 2, gf = 3 and β is fixed only by the energy
density of the typical eigenstate of the pre-quench Hamiltonian.

further simplified to give

λn =

(
2− δn,0

π

)
β

∫ π

0

(
εik
εfk

cos(θik − θ
f
k)

)
cos(nk) (3.31)

Clearly, only when β = 0 for the initial pre-quench eigenstate is the final steady state also
thermal (with β = 0 again) with respect to the final post-quench Hamiltonian. Even at small
β, λn for n > 0 are non-zero (though small) and hence one obtains a GGE for the steady
state. The athermal nature of the ensemble is related to the athermal behaviour of 〈ni,fk 〉
(Eqn. 3.27), which fixes all the (local) conserved quantities, since it cannot be expressed as
exp(−βfεk(gf ))/(exp(+βfεk(gf )) + exp(−βfεk(gf ))) for any βf as long as the initial β 6= 0.

Note that the λn when the initial state is the ground state of the pre-quench Hamiltonian
can be simply obtained by taking β → ∞ and matches the results obtained in that context
by Fagotti and Essler [16]. From this previous work, it is known that λn decay rather slowly
with distance as 1/n when the t = 0 state is the pre-quench Hamiltonian’s ground state,
because of the logarithmic singularity of F(gi, gf , β → ∞, k) at k = 0 and k = π. However,
for any finite β (which corresponds to a highly excited eigenstate at t = 0), the singularities
are rounded off as shown in Fig. 3.11 (Left panel). This instead leads to an exponential
decay of |λn| ∼ exp(−n/ξ) as shown in Fig. 3.11 (Right panel), where ξ indicates the length-
scale associated with the exponential decay in n. It will be interesting to obtain an analytic
expression for ξ as a function of β, gi, gf .
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Chapter 4

Periodically driven integrable
quantum systems: Entanglement
generation, dynamical phase transition
and information propagation

In this chapter, we will focus on certain aspects of the physics of entanglement entropy in
periodically driven integrable systems and a frequency driven dynamical phase transition in
such systems. As before, we will confine our study to the class of integrable systems reducible
to free fermions.

4.1 Entanglement generation in periodically driven in-

tegrable system

As we have already discussed in chapter 1, entanglement entropy is a quantity of fundamental
interest for many-body quantum systems due to several reasons. Now, it is known that for
a generic short-ranged Hamiltonian, entanglement entropy S is controlled by the boundary
between the subsystem and environment leading to

S(l) ∼ ld−1 d ≥ 1. (4.1)

where l is the linear dimension of the subsystem. In one dimension, the area law behaviour of
entanglement entropy in the ground state for local and gapped Hamiltonian is rigorously
proved by Hastings and therefore this theorem is called the Hastings’s theorem [1]. We
point out that d = 1 critical points have a further multiplicative logarithmic correction i.e.,
S(l) ∼ log l. It is generally believed that the ground states of local Hamiltonians in higher
dimensions show an analogous area law behaviour [2]. More recently, the subleading terms
in the expression of entanglement entropy have been carefully studied [3]. Such studies yield
S(l) ∼ ld−1 + Γ (for d > 1). The subleading factor Γ, when non-zero, encodes the topological
character of the ground state of the system and is often referred to as the topological entan-
glement entropy. We note here that the boundary-law for the entanglement entropy encoded
in Eqn. 4.1 is surprisingly robust. In fact, the only known violation for an area law for quan-
tum ground states (apart from critical points in d = 1) occur for systems with gapless Fermi
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surface in d > 1 where the correlation functions of local operators become long-ranged leading
to S(l) ∼ ld−1 ln l. However, it is known that other states in the Hilbert space of a quantum
system which are not the ground state of the local Hamiltonian describing the system may
have non-area law behaviour for the entanglement entropy. A class of these states, obey the
volume law, namely, S(l) ∼ ld for a d− dimensional quantum system.

Certain properties of entanglement entropy for states resulting from non-equilibrium dy-
namics of a closed quantum systems have received great attention in recent years [4–8]. How-
ever, the fate of entanglement entropy of a periodically driven quantum system, where the
drive generates multiple passage of the system through an intermediate quantum critical point
remained an open issue. In particular, the crossover of entanglement entropy from an area to
a volume law behaviour as a function of drive frequency ω and number of drive cycles n has
not been investigated in this context, although the possibility of a driven system to approach
a GGE with volume law entanglement entropy has been recently pointed out in the context of
an Ising chain [9]. The convergence of the reduced density matrix of a subsystem to the final
(n→∞) steady state density matrix is was not explored for a periodically driven system.

In this chapter, we aim to fill up this gap in the literature by studying a class of integrable
models subjected to a periodic drive with frequency ω for n cycles whose Hamiltonian is given
by

H =
∑
~k

ψ†~k

[
(g(t)− b~k)τ3 + ∆~kτ1

]
ψ~k, (4.2)

where ~k is d−dimensional momentum vector, ψ~k = (c~k, c
†
−~k

)T , c~k denotes fermionic annihi-

lation operator, τ3 and τ1 are Pauli matrices, and g(t) is a periodic function of time. Such
Hamiltonians constitute fermionic representations of Ising and XY models in d = 1, the Kitaev
model in d = 2, generalized Kitaev chain in one dimension with variable range p−wave pairing
[10–15], and Dirac quasiparticles of graphene and atop topological insulator surfaces [16, 17].
The relation of Eqn. 4.2 to TFIM in d = 1, Kitaev model in d = 2 and generalized Kitaev
chain in d = 1 with variable range p−wave pairing has been discussed in detail in chapter 2.

In what follows, we shall study the entanglement entropy Sn(l) (with l denoting the linear
dimension of the subsystem) of TFIM in d = 1 after n drive cycles with frequency ω.

4.1.1 Area- to volume-law crossover

We begin with a brief sketch of our method for computing Sn numerically. In what follows,
we vary g(t) (Eqn. 4.2) periodically in time. Although most of our results would be protocol
independent, for numerical purposes, unless mentioned otherwise, we use the square pulse
drive protocol:

g(t) = gi, (n− 1)T ≤ t ≤ (n− 1/2)T

= gf , (n− 1/2)T ≤ t ≤ nT, (4.3)

where T = 2π/ω is the time period. The issue of protocol independence of some of our
results is charted out in further detail in Appendix A. To solve the dynamics, we define the
annihilation operators γk(t):

γ~k = u~k(t)c~k + v∗~k(t)c
†
−~k
. (4.4)
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Here u~k(t) and v~k(t) satisfy the Schr̈odinger equation

i∂t|ψ~k〉 = H~k(t)|ψ~k〉, (4.5)

where |ψ~k〉 = (u~k, v~k)
T and we have set ~ = 1. The wave function |ψ(t)〉 of the entire system

equals

|ψ(t)〉 = ⊗~k∈BZ/2|ψ~k(t)〉

|ψ~k(t)〉 = u~k(t)c
†
~k
c†
−~k
|0〉+ v~k(t)|0〉 (4.6)

where ~k is taken over half of the Brillouin zone (BZ) and |0〉 denotes the vacuum of the c
fermions.

Having obtained |ψ~k(nT )〉, the calculation of Sn(l) for a subsystem of l consecutive spins
is straightforward as sketched in detail in section. 3.2.2 of chapter. 3. For the present case,
the elements of the correlation matrices C and F are computed as

Cij = 〈c†~ic~j〉n = 2
∑

~k∈BZ/2

|u~k(t)|
2 cos(~k · (~i−~j))/Ld

Fij = 〈c†~ic
†
~j
〉n = 2

∑
~k∈BZ/2

u∗~k(t)v~k(t) sin(~k · (~i−~j))/Ld

(4.7)

The result of such a numerical study is shown in Fig. 4.1. In Fig. 4.1(a), we plot Sn(l) as a
function of l for TFIM in d = 1 for several n. From this plot, we find that the minimum value of
l beyond which Sn(l) satisfies the area law (i.e., Sn(l) ∼ constant in d = 1) diverges as n→∞
leading to genuine non-area scaling. In this regime, Sn(l) ∼ lα(n,ω) where d− 1 ≤ α(n, ω) ≤ d.
The n → ∞ result is reproduced by the diagonal ensemble (DE). Next, as shown in Fig.
4.1(b), we find that Sn(l) grows linearly as a function of n for a fixed l and then attains a
constant (l dependent) value; this behaviour is qualitatively similar to the linear spread of S
following a quench [8].

We now ask how fast is the volume law approached in the steady state (diagonal ensemble)
for a certain drive protocol for different l. In general, we may expect a behaviour like

S∞(l) = ald + bld−1 + cld−2 + ..... (4.8)

where S∞ denotes the entanglement entropy in the steady state. For l � 1 (and l � L), the
term ald dominates. However, for any finite l, the subleading terms also compete with the
leading ld term. To get a quantitative estimator for the approach to volume law as a function
of l (which does not depend on any fitting form), we define

α(l) = log[S∞(2l)/S∞(l)]/ log(2), (4.9)

and plot it as a function of l for several representative ω in Fig. 4.2. In d = 1, α → 0(1)
if area(volume)-law is satisfied. We find a rapid and monotonic convergence of α to unity
for large ω. In contrast, for small ω, this convergence is quite slow and has non-monotonic
features. Thus, periodic drives at small ω offer a route to stabilizing pure quantum states with
non-area and non-volume scaling of Sn [18].

52



0 25 50 75 100

l

0

8

16

24

S
(l

)

n=2
n=5
n=10

n=20
n=100
DE

(a)

0 15 30 45 60
n

0

2

4

6

8

S
(l

)

l=8
l=16
l=32

(b)
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These results lead to the natural question regarding the area-law behaviour for a finite l
and n. In particular, it seems desirable to have an analytical criterion which may, at least
qualitatively predict the area or non-area law behaviour of S as a function of l for a given
n. We attempt to provide such a criterion below. To this end, we construct H~kt for which
|ψ~k(nT )〉 generated after n drive cycles is the ground state. The motivation for doing this is
as follows. From Hastings’ theorem, the ground state of a local Hamiltonian in one dimension
yields S which exhibits area law [1]. For a driven integrable system, S∞ is expected to be
described by a GGE, and thus to follow volume law [8]. Thus after n cycles of the drive, for
(small)large n, one expects H~kt to be short(long) ranged and the crossover between short-
to long-range behaviour of H~kt for a given l might provide an indication of the numerically
observed area- to volume-law crossover of Sn.

To construct H~kt we start from ψk(tf = nT ) and seek a solution of

H~kt = ε~ktτ3 + ∆~ktτ
+ + ∆∗~ktτ

−, (4.10)

which satisfies

H~ktψ~k(tf ) = −(ε2~kt + |∆~kt|
2)1/2ψ~k(tf ). (4.11)

Assuming that H~kt ' H~k in the adiabatic limit, we find, after some straightforward algebra,

ε~kt = ∆~k(|u~k(tf )|
2 − |v~k(tf )|

2)/(2|u~k(tf )||v~k(tf )|)
∆~kt = ∆~k exp(i(α~k − β~k)) (4.12)

where we have defined α~k(β~k) = Arg[u~k(tf )(v~k(tf ))]. The real-space form of the effective
Hamiltonian is given by Fourier transform of H~kt

Ht =
∑
~i~j

(A~i−~jc
†
~i
c~j +B~i−~jc~ic~j + h.c.), (4.13)

where A~i~j and B~i~j are Fourier transforms of ε~kt and ∆~kt respectively. A plot of |Aij| as a
function of |i − j| for the TFIM in d = 1 (Fig. 4.3), shows Aij ∼ exp[−|i − j|/Rt(n, ω)]; this
indicates that Ht appears short-ranged in the length scale l � Rt(n, ω) and long-ranged for
l � Rt(n, ω). As shown in Fig. 4.3, Rt(n, ω) increases rapidly with n; we find numerically
that for l� (�)Rt(n, ω), Sn follows area(non-area)-law in accordance with Hastings’ theorem.
This result constitutes a generalization of Hastings’ theorem for driven integrable models.

4.2 Steady state and dynamical phase transition

We have already pointed out that integrable systems reducible to free fermions, when subjected
to periodic drive, reach a steady state at late times. Such steady states seem to appear when
we observe the system stroboscopically in time. Expectation value of local observables in such
steady states can be computed using the periodic generalized Gibbs ensemble (p-GGE) [19]
(see chapter 1 for brief discussion). In this part of the present chapter, we shall be interested to
explore how the system approaches its final steady state. To study the relaxation behaviour,
we will focus upon the behaviour of entanglement entropy Sn as a function of n. In order to
make things precise at a quantitative level, we define a distance measure (in the same manner
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we did in chapter 3 in Eqn. 3.19) which provides us information regarding this relaxation as
a function of n, and also of the relaxation of the local density matrix ρr (and hence of all the
local quantities within that subsystem) to the final diagonal ensemble result. For integrable
models, as we have already pointed out, Sn(l) is determined by the two-point correlators Cn(l);
thus it is natural to define [21]

D = Tr[(C∞(l)− Cn(l))†(C∞(l)− Cn(l))]1/2/(2l). (4.14)

We note that 0 ≤ D ≤ 1 and it vanishes only if Cn = C∞. By studying Sn as a function of n,
we unveil the existence of a frequency driven dynamical transition in terms of the relaxation
behaviour of Sn ( and this holds true for relaxation of any local observable). We will see that
such dynamical phase transition occurs both in d = 1 and d = 2 as long as the Hamiltonian of
the system is of the form given by Eqn. 4.2. As explicit examples, we will consider TFIM in
d = 1 and Kitaev model in d = 2, both of which can be reduced to the form given in Eqn. 4.2
as we showed in chapter 2. Next, we will investigate how the range of interaction affects such
dynamical transition and relaxation behaviour of the local operators to its steady value. For
that purpose, we will study the generalized Kiatev chain in d = 1 with variable range p−wave
pairing described by the Hamiltonian given in Eqn. 2.14.

In order to understand the relaxation behaviour of Sn ( and of any local observable )
and the origin of dynamical phase transition, we proceed as follows. We note that the wave
function after n drives is given by

|ψ~k(t = nT )〉 = Un
~k
|ψ~k(t = 0)〉 (4.15)

= exp[−inH~kFT ]|ψ~k(t = 0)〉

where H~kF is the Floquet Hamiltonian of the system for the wave vector ~k [20] and HF =∑
~kH~kF . U~k is given by

U~k = cos(θ~k) exp[iα~kτ3]− iτ2 sin(θ~k) exp[iγ~kτ3] = e−iH~kFT . (4.16)

Note that such parameterization of U~k follows from unitary nature of the evolution. The
parameters θ~k, α~k and γ~k can be expressed in terms of the initial and final wave functions in
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the following way. Let us consider an arbitrary periodic protocol characterized by the number
of cycles n and the drive frequency ω = 2π/T which takes the system from an initial state
ψi =

∏
~k ψ

i
~k

=
∏
~k(u

i
~k
, vi~k)

T to a final state ψf =
∏
~k ψ

f
~k

=
∏
~k(u

nf
~k
, vnf~k )T . In what follows, we

shall define the state reached after one drive cycle to be ψ′ =
∏
~k ψ
′
~k

=
∏
~k(u

f
~k
, vf~k )T . One can

relate the wave functions ψ′~k and ψi~k through the evolution operator U~k by

ψf~k = Un
~k
ψi~k, ψ′~k = U~kψ

i
~k

(4.17)

To make further progress, we express U~k in terms of ψi~k and ψ′~k. A few lines of straightfor-
ward algebra yields

sin2(θ~k) =
[
|uf~k |

2vi2~k + |vf~k |
2ui2~k

+2|uf~k ||v
f
~k
|ui~kv

i
~k

cos(µ~k − µ
′
~k
)
]

(4.18)

γ~k = arctan

(
|uf~k |v

i
~k

sin(µ~k) + ui~k|v
f
~k
| sin(µ′~k)

|uf~k |v
i
~k

cos(µ~k)− ui~k|v
f
~k
| cos(µ′~k)

)

α~k = arctan

(
|uf~k |u

i
~k

sin(µ~k)− vi~k|v
f
~k
| sin(µ′~k)

|uf~k |u
i
~k

cos(µ~k) + |vf~k |v
i
~k

cos(µ′~k)

)

where we have taken ui~k and vi~k to be real and have parameterized uf~k = |uf~k | exp[iµ~k] and

vf~k = |vf~k | exp[iµ′~k]. We note that U~k reduces to the identity matrix for uf~k = ui~k and vf~k = vi~k.
Next, we try to obtain an expression for H~kF . To do this, we note that in the present case

H~kF can be written in the form of a 2 × 2 matrix which can be expressed in terms of Pauli
matrices: H~kF = ~σ · ~ε~k. where ~ε~k = (ε1k, ε2k, ε3k). This allows us to write

U~k = e−i(~σ·~n~k)φ~k , n~k =
~ε~k
|~ε~k|

, φ~k = T |~ε~k| (4.19)

We work in the reduced zone scheme where φ~k ∈ [0, π] and each of the component of ~ε~k
is restricted to [−π/T, π/T ]. Now, using Eqs. 4.17, 4.18, and 4.19, one obtains, after some
straightforward algebra,

n~k1 = − sin(θ~k) sin(γ~k)/D~k

n~k2 = − sin(θ~k) cos(γ~k)/D~k

n~k3 = − cos(θ~k) sin(α~k)/D~k

D~k =
√

1− cos2(θ~k) cos2(α~k)

|~ε~k| = arccos[cos(θ~k) cos(α~k)]/T. (4.20)

Notice that at the edge of the Brillouin zone, where the off-diagonal component of Hk disap-
pears (which is true for all the three models of our concern, namely TFIM in d = 1, Kitaev
model in d = 2 and generalized Kiatev chain in d = 1 with variable range p−wave pairing ),
Uk becomes a diagonal matrix, which in turns makes sin(θ~k) = 0. This leads us to the result
n~k1 = n~k2 = 0 and n~k3 = ±1 for these momenta values.

The results shown thus far holds for any arbitrary initial state given by ψi~k =
∏
~k(u

i
~k
, vi~k)

T .
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However, for simplicity we choose our initial state of the form ψi~k =
∏
~k(0, 1)T . In this choice,

it is evident from 4.18 that sin(θ~k) = |uf~k |, α~k = −Arg(vf~k ) and γ~k = Arg(uf~k). Having obtained

an expression for the Floquet spectrum, we now express the elements of Cn(l) (Eqn. 4.7) in
terms of parameters of U~k. A straightforward calculation yields

〈c†~ic~j〉 =
2

(2π)d

∫
ddk cos(~k · ~r)

(
u2

0~k

2
(1 + n̂2

~k3
) +

v2
0~k

2
(1− n̂2

~k3
) + u0~kv0~kn̂~k1n̂~k3

)
→ GGE

+
2

(2π)d

∫
ddk cos(~k · ~r)

((
u2

0~k

2
−
v2

0~k

2

)
(1− n̂2

~k3
)− u0~kv0~kn̂~k1n̂~k3

)
cos(2nφ~k)

− 2

(2π)d

∫
ddk cos(~k · ~r)u0~kv0~kn̂~k2 sin(2nφ~k) (4.21)

and

〈c†~ic
†
~j
〉 =

2

(2π)d

∫
ddk sin(~k · ~r)

(
u0~kv0~kn̂~k1(n̂~k1 + in̂~k2) +

(u2
0~k
− v2

0~k
)n̂~k3(n̂~k1 + in̂~k2)

2

)
→ GGE

+
2

(2π)d

∫
ddk sin(~k · ~r)

(
u0~kv0~k(1− n̂

2
~k1
− in̂~k1n̂~k2)−

(u2
0~k
− v2

0~k
)n̂~k3(n̂~k1 + in̂~k2)

2

)
cos(2nφ~k)

+
2

(2π)d

∫
ddk sin(~k · ~r)

(
iu0~kv0~kn̂~k3 − i

(u2
0~k
− v2

0~k
)(n̂~k1 + in̂~k2)

2

)
sin(2nφ~k) (4.22)

Here ~r = ~i − ~j and the integral is taken over half the Brillouin zone (BZ) since the (~k,−~k)
fermions are always excited in pairs. It is clear from Eqn. 4.22 that only the terms indicated
by GGE survive in the n→∞ limit. These are represented as 〈c†icj〉∞ and 〈c†ic

†
j〉∞. Thus, for

L→∞ and |ψ(t = 0)〉~k = (0, 1)T :

δCij(n) =

∫
ddk

(2π)d
f1(~k) cos(2nφ~k) (4.23)

δFij(n) =

∫
ddk

(2π)d
(f2(~k) cos(2nφ~k) + f3(~k) sin(2nφ~k))

where δCij(n) = 〈c†~ic~j〉n − 〈c
†
~i
c~j〉∞ and similarly for δFij(n). Also, we have

f1(~k) = −(1− n̂2
~k3

) cos(~k · (~i−~j)), f2(~k) = −in̂~k3f3(~k)

f3(~k) = i(n~k1 + in~k2) sin(~k · (~i−~j)). (4.24)

Importantly, f1,2,3(~k) all vanish at the BZ edges and center. It is clear from Eqn. 4.23 that
for large n, the dominant contributions to the relaxation behaviour comes from the stationary
points of φ~k: d|~ε~k|/dki = 0. Using the expression of |ε~k| given in Eqn. 4.20, we find that such
stationary points occur if either

cot(θ~k)dα~k/dki = − cot(α~k)dθ~k/dki (4.25)
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or sin(θ~k) = 0 = dα~k/dki. We note that Eqn. 4.25 holds for any protocol; the protocol details
appear in the expression of θ~k and α~k without altering its form.

4.2.1 Approach to steady state: TFIM in d = 1

For d = 1, in the limit ω � 1, one can approximate HkF ∼ H̄(k), where H̄ denotes the
time-averaged Hamiltonian over one cycle, by using 1/ω as a perturbation parameter in the
Dyson series for Uk. In this limit, there are two stationary points at k = 0, π and thus
sin(θ~k) = 0 = dα~k/dki is satisfied. As ω is decreased below ωc, an additional stationary point
emerges at k = k0 ∈ (0, π) which satisfies Eqn. 4.25(Fig. 4.4(d)). This leads to a qualitative
change in the relaxation properties of the matrix elements (Eqn. 4.23) which can be understood
as follows. The contribution of a saddle point at k = k0 to Eqn. 4.23 can be estimated to be∫

fi(~k) exp(inφ(~k))ddk ≈ exp(inφ(~k0))(n|φ′′(~k0|))−d/2

× exp(πiµ/4)

(
fi(~k0) + i

f
′′
i (~k0)

2φ′′(~k0)

1

n
+O(1/n2)

)
(4.26)

where µ is the sign of φ
′′
(~k0), and fi(~k) are smooth functions around ~k = ~k0. For d = 1, at

k = 0 and π we have sin(θk) = 0, i .e., n̂k1, n̂k2 = 0 and n̂k3 = ±1 leading to fi(k0) = 0. If
these happen to be the only zeroes of d|εk|/dk, all elements of Cn(l) (and hence D) receive
first non-zero contribution from the f ′′(k) term in Eqn. 4.26 leading to a convergence to
the GGE as (ω/n)3/2. However, for a smaller ω the contribution from stationary point at
k = k0 6= 0, π (where fi(k0) 6= 0) changes the relaxation behaviour of D to (ω/n)1/2(Eqn.
4.26). The appearance of such a new zero constitute a change in topology of spectrum of HF .
In addition, ωc is expected to be finite in general since the number of zeroes of d|εk|/dk cannot
change continuously with ω. In fact, this number cannot change perturbatively in 1/ω and
hence, the dynamical transitions we discuss here are beyond a Magnus expansion treatment
of the Floquet Hamiltonian (for a review of which, see Ref. [22]) to any order.

At this stage, it will be worthy to provide an explicit expression for |ε~k| for the square
pulse protocol (see Eqn. 4.3) for TFIM in d = 1. To do so, we note that

U(~k, gi, gf ) = exp

(
−iH~k(gf )

T

2

)
exp

(
−iH~k(gi)

T

2

)
(4.27)

where H~k(g) = (g − b~k)τ3 + ∆~kτ1 as given in Eqn. 4.2 (Note for TFIM in d = 1, b~k = cos(k)
and ∆~k = sin(k)). Using this expression of U~k along with 4.18, 4.19 and 4.20, a somewhat
lengthy calculation yields

|ε~k| = arccos(M~k)/T (4.28)

with

M~k = cos(Φ~ki) cos(Φ~kf )− N̂~ki · N̂~kf sin(Φ~ki) sin(Φ~kf )

(4.29)

where Φ~ki(f) = E~ki(f)T/2 with E~ki(f) =
√

(gi(f) − cos(k))2 + sin2(k) and the components of N̂
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Figure 4.4: D versus n for several l for 1D Ising model and for (a) ω = 2π, (b) ω = π, and (c)
ω = 0.45π. (d) Plot of d|εk|/dk versus k for several ω. (e) Sketch of the of number of zeroes
(m) of d|εk|/dk with k ∈ (0, π) as a function of ω showing re-entrant behaviour. The thick
(thin) regions indicate regimes with n−3/2(n−1/2) decay. All parameters are same as in Fig.
4.1.
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are given by

N̂~ki(f) =

(
sin(k)

E~ki(f)

, 0,
gi(f) − cos(k)

E~ki(f)

)
. (4.30)

We now try to compute ωc, i.e., the first critical drive frequency for the dynamical phase
transition as the drive frequency ω is reduced from ω � 1 for TFIM in d = 1 for the square
pulse protocol. First, we note that a new zero in d|εk|/dk can only appear from the boundaries
k = 0, π. We have numerically checked that the appearance of the first extra zero in d|εk|/dk
is from k = π for the square pulse protocol. Then, ωc can be simply calculated by expanding
d|εk|/dk for k = π − ε and finding the value of ω where the O(ε) term first changes its sign.
This leads to the condition

(gi + gf + 2gigf )T0 sin ((2 + gi + gf )T0) = −(gf − gi)2 sin ((1 + gi)T0) sin ((1 + gf )T0)

(1 + gi)(1 + gf )
(4.31)

where T0 = π/ωc is the first non-zero solution of Eqn. 4.31 for given values of gi and gf .
We emphasize that our result constitutes an example of change in relaxation behaviour

of any correlation function of a periodically driven integrable Hamiltonian due to change
of topology of their HF [23]. We note that the transition unraveled in this chapter is of
fundamentally different origin from dynamical transitions discussed in Refs. [22, 24, 25]; in
contrast to these transitions, the present one leaves its imprint on the temporal behaviour of
all local correlation functions.

As ω is decreased, the number of zeroes of d|εk|/dk, m, between 0 < k < π changes. Such
a change is non-monotonic in nature for large ω (Fig. 4.4(c) and (d)) where m is small. It is
thus possible that in some frequency range m may revert back to zero leading to re-entrant
behaviour; numerically, for square pulse protocol, we find that this occurs at ωc = 0.47π for
gi = 2, gf = 0 (Fig. 4.4(e)). As ω is further decreased, m becomes finite at ω = 0.42π and
continue to increase monotonically with decreasing ω: in fact m ∼ ω−1 for small ω (Fig. 4.4(e))
(and this is a generic feature [23]), thus ruling out re-entrance here and leading to a (ω/n)1/2

convergence to steady state as ω → 0. The phase diagram for the two dynamical regimes has
a rich structure as a function of the amplitude and frequency of the periodic drive due to the
re-entrance effects and this will is worked out in more detail below.

Phase diagram for the Ising model

In this section, we sketch the phase diagram for dynamical phases for the TFIM in d = 1
as a function of the initial transverse field gi and the drive frequency ω for the square pulse
protocol. In what follows, we shall either use this protocol or the periodic kick protocol for
which

g(t) = g0 + g1

∞∑
n=0

δ(t− nT ). (4.32)

where the analysis is simplified further.
Such a phase diagram for the square pulse drive for gf = 0 is shown in Fig. 4.5(a) and for

gf = 2 in Fig. 4.5(b). Note that in the latter case, the equilibrium critical point at g = 1 is
never crossed during the dynamics. In both cases, we see intermittent regions of n−3/2 (grey)
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(a) (b)

Figure 4.5: (Left panel) Phase diagram for the dynamical phases for the square pulse drive
protocol where gf = 0. (Right panel) Phase diagram for the dynamical phases for the square
pulse drive protocol where gf = 2. For both the figures, the grey (white) regions correspond
to a relaxational behaviour of n−3/2 (n−1/2) of local quantities to their corresponding steady
state values and the green dots have been obtained using Eqn. 4.31

Figure 4.6: Phase diagram for the delta function kick protocol where we fix g1 = 1. The color
scheme is the same as in Fig. 4.5.

and n−1/2 (white) relaxation to the final steady state. The relaxation is always n−3/2 in the
ω → ∞ limit and n−1/2 in the ω → 0 limit in spite of multiple re-entrances present in the
phase diagram, consistent with the general argument presented in the previous subsection
4.2.1. Furthermore, the number of re-entrant regions increase as the amplitude of the drive
gi is increased in both cases. We also show the perfect match for the location of the first
dynamical phase transition as the frequency is reduced at any fixed gi using Eqn. 4.31 in the
phase diagrams presented in Fig. 4.5(a) and Fig. 4.5(b).

A similar plot for the delta function kicked protocol given by Eqn. 4.32 is shown in Fig.
4.6. Next, we analyze the phase diagram obtained by using the delta function kick protocol
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analytically. The evolution operators for this protocol is given by

Uk(T, 0) = e−ig1τ3e−iT ((g0−cos(k))τ3+sin(k)τ1)

=

(
αk −β∗k
βk α∗k

)
αk = e−ig1(cos(Φk)− i sin(Φk)n̂kz)

βk = −ie−ig1n̂kx sin(Φk) (4.33)

where we have εk =
√

(g0 − cos(k))2 + (sin(k))2, n̂kx = sin(k)/εk, n̂ky = 0, n̂kz = (g0 −
cos(k))/εk, and Φk = Tεk. Using Eqn. 4.33, one can find the Floquet spectrum to be

αkF =
1

T
arccos[cos(Φk + g1) + (1− n̂kz) sin(Φk)] (4.34)

For further analysis, we note that n̂kz → 1 for g0 � 1 allowing a perturbative expansion of
αkF . This leads to

αkF = εk +
g1

T
− sin2 k sin(Φk) sin(g1)

2T (g0 − cos(k))2| sin(Φk + g1)|
(4.35)

Having obtained αkF , we now look for zeroes of d(αkF )/dk = 0. If these occur only at
k = 0, π, the relaxation behaviour of the system will demonstrate n−3/2 behaviour. Thus n−1/2

relaxation occurs when the zeroes of d(αkF )/dk occurs at other values of k; the condition for
this can be shown, after some straightforward algebra, to be

g0

εk

(
1− sin2 g1 sin2 k Sgn(sin(Φk + g1))

2g2
0 sin2(Φk + g1)

)
=

cos k sin Φk sin g1

g2
0T | sin (Φk + g1)|

(4.36)

where Sgn denotes the signum function. We note that for large g0, Eqn. 4.36 is satisfied
within a small parameter range around the point (Φk + g1) = mπ (where m ∈ Z) for which
g0| sin(Φk + g1)| ∼ 1. This implies that the density of re-entrant regions scale as g0 at large
g0, which explains the increase in the number of re-entrant regions as the drive amplitude is
increased. A computation of the phase diagram with the exact numerical result is shown in
Fig. 4.7; we find the perturbative and numerical results match well in the large g0 regime, and
thus 1/g0 acts as a suitable expansion parameter unlike 1/ω to get the dynamical transitions.

4.2.2 Approach to steady state: generalized Kitaev chain in d = 1
with long-range p−wave pairing

In this part, we study the relaxation behaviour and dynamical transition for the generalized
Kitaev chain in d = 1 with long-range p−wave pairing described by the Hamiltonian given in
Eqn. 2.14. In particular, we will attempt to explore how the presence of long-range pairing
terms affects the relaxation and the dynamical phase transition. In this context, note that from
Eqn. 2.14, it is clear that the range of the interaction in this model is essentially characterized
by the exponent α. Like the previous section, here also we will use the distance measure Dl(n)
( given in Eqn. 4.14 ) in order to characterize the approach of the reduced density matrix
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Figure 4.7: Phase diagram for the delta function kick protocol where we fix g1 = 1.0 and vary
g0. The white region indicates n−3/2 relaxation of local quantities to their final steady state
values. The green points denote the perturbative results obtained from solution of Eqn. 4.36
for large g0 while the red points denotes the exact results for the n−1/2 relaxation behaviour.

of a subsystem of l sites to the reduced density matrix of the final steady state. We identify
a critical value α = αc (which depends only on the time-averaged Hamiltonian) below which
they generically decay to zero as (ω/n)1/2. For α > αc, in contrast, Dl(n) ∼ (ω/n)3/2[(ω/n)1/2]
for ω → ∞[0] with at least one intermediate dynamical transition. As expected, an identical
behaviour is found for relaxation of all local correlation functions of the model to their steady-
state values. To see the existence of this finite αc we proceed as follows.

High frequency limit: First, let us consider the case when ω →∞. In this limit, HkF ∼ H̄k,
where H̄ denotes the time-averaged Hamiltonian over one drive cycle, by using 1/ω as a
perturbation parameter in the Dyson series for Uk(T ). H̄k can be obtained from Eqn. 4.2 by

replacing g(t) by gavg = (1/T )
∫ T

0
g(t)dt. Note that for our model, b~k = cos(k),∆~k = ∆k,α =

1
2

∑L−1
l=1

sin(kl)
dαl

(see chapter 2 for details). It then follows that

|~εk|ω→∞ =
√

(gavg − cos(k))2 + ∆2
k,α. (4.37)

When α → ∞, we see that ∆k,α → sin(k) from Eqn. 2.16. From this, it is straightforward
to show that the only stationary points of |~εk| are at the BZ edges (k = 0, π for gavg 6= ±1,
k = 0 for gavg = −1, and k = π for gavg = +1). Next, we consider the opposite limit where
α → 0. It can then be shown there always exists one more stationary point in 0 < k < π by
considering the behaviour of the following functions:

Γk(gavg) = (cos(k)− gavg) sin(k)

Ξk = Limα→0=
(
Liα(eik)

)
<
(
Liα−1(eik)

)
(4.38)

where < (=) denotes the real (imaginary) part of a complex number. A stationary point in
0 < k < π implies that Γk0(gavg) = Ξk0 for some k0 ∈ (0, π). This is always guaranteed when
α→ 0 because Ξk is a monotonic function whose range extends from (−∞, 0] in k ∈ [0, π] and
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Figure 4.8: (a) The behaviour of the functions Γk(gavg) and Ξk as a function of k. (b) The
behaviour of d|~εk|/dk shown as a function of k at gavg = 4 for two particular values of α. For
α = 1.2 (red curve), the stationary point is only present at k = π, while for α = 1.2 (black
curve), an additional stationary point is present in k ∈ (0, π).

Γk(gavg) = 0 at the BZ edges and is negative for k → π− independent of gavg (Fig. 4.8(a)). We
have numerically checked that there are stationary points only at the edges of the BZ for all
α > αc(gavg), while below αc(gavg), additional stationary points arise in k ∈ (0, π) (Fig. 4.8(b)).
The behaviour of αc as a function of gavg is shown in Fig. 4.9. We find numerically that αc
is constant as a function of gavg (αc ≈ 1.05) for all gavg until gavg ≈ 2 and it starts to then
increase with decreasing gavg thereafter.

The determination of αc is completely independent of any specific periodic drive protocol
and only depends on gavg since it is fixed by the behaviour at ω →∞. We have thus unearthed
a dynamical phase transition even in the global quench limit for such long-ranged models
where the (long-time) approach of local quantities to their steady state values change from
t−3/2 for α > α(gavg) to t−1/2 for α < αc(gavg) where the post-quench Hamiltonian’s (Eqn. 2.14)
chemical potential g is fixed to be gavg.

Low frequency limit: Next, we discuss the behaviour of |~εk| at small ω. For calculational
purposes, we adopt the square pulse protocol given in Eqn. 4.3. We have already seen that
(see section. 4.2.1 of this chapter for the details of the derivation)

|~εk| = arccos(Mk)/T (4.39)

where

Mk = cos(Φki) cos(Φkf )− ~Nki · ~Nkf sin(Φki) sin(Φkf ).

(4.40)

In the above expression, Φki(f) = Eki(f)T/2 with Eki(f) =
√

(gi(f) − cos(k))2 + ∆2
k,α and

N̂ki(f) =
(
∆k,α/Eki(f), 0, (gi(f) − cos(k))/Eki(f)

)
. For large T = 2π/ω, Mk rapidly oscillates

in [−1, 1] with the effective wavelength being set by 1/T in k space. Thus, when ω → 0, the
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Figure 4.10: (a) The behaviour of d|~εk|/dk as a function of k at a small ω (ω/π = 0.1) for
α = 0.9 shows a large number of stationary points in the vicinity of k = 0. (b) The behaviour
of d|~εk|/dk as a function of k at the same ω but at a larger α = 8.0. The drive protocol used
here is the square pulse protocol with gi = 2 and gf = 0.

number of stationary points Ns of |~εk| in 0 < k < π increases with decreasing ω. In fact,
we see that Ns → ∞ as ω → 0 irrespective of the value of α. We have already discussed
in the section 4.2.1 that Ns ∼ 1/ω at small ω for one dimensional short-ranged integrable
models (we discussed the explicit example of TFIM in d = 1). Interestingly, decreasing the
value of α below a certain threshold (α ∼ 1) increases the number of stationary points greatly,
particularly in the neighborhood of k = 0 (Fig. 4.10(a)); an effect which is absent for larger
values of α as shown in Fig. 4.10(b). Thus the scaling of Ns is actually faster than 1/ω at
small ω when α is small.

For α > αc(gavg), we thus see that Ns = 0 when ω →∞ and Ns ∼ 1/ω for ω → 0. Hence,
Dl(n) ∼ (ω/n)3/2 for fast drives and Dl(n) ∼ (ω/n)1/2 for slow drives as long as α > αc(gavg)
irrespective of the specific details of the periodic drive protocol. As a result, there must be
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Figure 4.11: The behaviour of Dn(l) as a function of n for two different driving frequencies
that belong to different dynamical phases. At ω/π = 4.0(0.75), Dn(l) ∼ (ω/n)3/2((ω/n)1/2)
both for l = 8 and l = 16, where l denotes the number of consecutive sites in the subsystem.
The other parameters are gi = 2, gf = 0, α = 2.5 and L = 2× 105.

at least one dynamical phase transition between these two dynamical phases distinguished by
the relaxation of Dn(l) (as defined in Eqn. 4.14). Consequently all local quantities relax to
their steady state values either as (ω/n)3/2 or as (ω/n)1/2 as the drive frequency ω is varied
keeping other parameters fixed. We illustrate this in Fig. 4.11 where α is taken to be greater
than αc. The two different drive frequencies ω show the different scalings of Dn(l) ∼ (ω/n)3/2

and Dn(l) ∼ (ω/n)1/2 respectively.
Dynamical phase transitions: Since Ns is an integer, its value cannot change smoothly

from Ns = 0 to Ns = 1 as ω is decreased from 1/ω = 0 if the limit Ns(ω → ∞) exists,

and can only turn non-zero for the first time at a finite value of ω
(1)
c for any periodic drive

protocol where the range of the pairing terms is greater than α(gavg). For any ω ∈ (ω
(1)
c ,∞),

Dl(n) ∼ (ω/n)3/2 from the previous discussion. Procedure to calculate ω
(1)
c for the square pulse

protocol (Eqn.4.3) has already been discussed in the context of TFIM in d = 1 in section.

4.2.1 of this chapter. For our present case, ω
(1)
c = 2π/T0 can be found from the following

equation:

2 sin(G1T0)[(1 + gf )
2(1 + gi)

2T0]

+4−α(2α − 4)2(ζ(α− 1))2

×[(gf − gi)2{cos(G2T0)− cos(G1T0)}
−2(1 + gf )(1 + gi)G1T0 sin(G1T0)] = 0 (4.41)

where G1 = (gi + gf + 2)/2, G2 = (gf − gi)/2 and ζ(s) denotes the Riemann zeta function.

In Fig. 4.12, we show how this ω
(1)
c varies as a function of α for different values of gi and gf .

Interestingly, one can see that for a given set of gi and gf , ω
(1)
c is rather insensitive to the

variation of α (note that ω
(1)
c ceases to exist below α(gavg) which explain the “end-points” in

Fig. 4.12).
For α < αc(gavg), the situation is qualitatively different. Here Ns 6= 0 even when ω → ∞

and hence Dn(l) ∼ (ω/n)1/2 both for fast and slow drives. There is thus no generic reason for
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Figure 4.12: The variation of ω
(1)
c as a function of α for a given gi and gf .

a dynamical phase transition to occur as the frequency ω is varied when α < αc(gavg), except
in the fine-tuned case where Ns changes from 2 to 0 and then back to 2 as the frequency
is varied. Calculations using the square pulse protocol below αc(gavg) indeed shows that to
be the case. We show the behaviour of Dn(l) for such a case both for fast and slow driving
frequencies in Fig. 4.13(a) from which it is evident that Dn(l) ∼ (ω/n)1/2 in both the regimes
of high and low frequencies. We also show an instance where a dynamical phase transition
occurs below αc(gavg) in Fig. 4.13(b) when the relaxation is Dn ∼ (ω/n)1/2 both when ω →∞
and ω → 0 due to the fine-tuned case of Ns changing from 2 to 0 caused by the coalescing of
two stationary points in k ∈ (0, π) in some finite ω interval.

For the case when α > αc(gavg), as ω is decreased further below ω
(1)
c , the change in Ns

can be non-monotonic in nature when Ns is small. It is then possible that in some frequency
range, Ns may revert back to zero leading to a re-entrant behaviour of the dynamical phases
as a function of ω. Such re-entrance is however ruled out when ω → 0 since Ns � 1 in this
limit (Fig. 4.10). Due to this re-entrance effect, the phase diagram for the two dynamical
phases has a rich structure as a function of the frequency and amplitude of the periodic drive.

We illustrate the phase diagram for the dynamical phases in Fig. 4.14 for the square pulse
protocol with a fixed gf = 0 and varying gi and ω at different values of α. Firstly, for α = 4.5
(Fig. 4.14(a)), the phase diagram for the dynamical phases is practically indistinguishable from
the case of α → ∞ where the pairing terms are restricted to be between nearest neighbors
only. Even when α = 2.5 (Fig. 4.14(b)), the broad features of the phase diagram remain the
same though there are now clear deviations compared to the larger value of α, especially in
the region ω/π ∈ [0, 1]. For α = 1.5 (Fig. 4.14(c)), we first encounter the effect that for a given
amplitude gi, the dynamical phase where Dn(l) ∼ (ω/n)3/2 is completely absent upon tuning
the value of ω. Furthermore, the re-entrant region of Dn(l) ∼ (ω/n)3/2 in ω/π ∈ [0, 1] present
for both α = 4.5 and α = 2.5 is completely absent. The case α = 1.06 (Fig. 4.14(d)) shows
even stronger departures compared to the case of α→∞ especially when gi ∈ [1, 4]. When α is
reduced further, e.g. to α = 1.05, only the dynamical phase characterized by Dn(l) ∼ (ω/n)1/2

survives for the shown parameter range of (ω, gi). This discontinuous change in the nature of
the dynamical phase diagram is because α = 1.05 is below αc(gavg) for the parameters (gi, gf )
considered in Fig. 4.14. We see that Dn(l) ∼ (ω/n)1/2 whenever ω → 0 irrespective of the
value of gi and α and the complexity of the phase diagram (Fig. 4.14) which is consistent with
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Figure 4.13: (a) The behaviour of Dn(l) as a function of n for fast (ω/π = 4.0) and slow
(ω/π = 0.75) driving frequencies when α is chosen to be below αc(gavg) (here α = 0.9, gi = 2,
gf = 0 and L = 2× 105). In both the regimes, Dn(l) ∼ (ω/n)1/2 for l = 8, 16. (b) Fine-tuned
region below αc(gavg) where Dn(l) ∼ (ω/n)3/2 (dark region) [even though Dn ∼ (ω/n)1/2 both
for high and low frequencies] caused by Ns changing from 2 to 0 due to the coalescing of two
stationary points in 0 < k < π for a certain interval in ω ( gf = 0 and α = 1.06 in (b)).

Ns →∞ as ω → 0 irrespective of the value of α. Finally, we also show the perfect agreement
of the location of the last dynamical transition in frequency, ω

(1)
c , obtained from Eqn. 4.41 in

Fig. 4.14 for all the different values of α.

4.2.3 Approach to steady state: Kitaev model in d = 2

For d > 1, we note that for large ω, the condition sin(θ~k) = 0 = dα~k/dki is expected to be
satisfied leading to D ∼ (ω/n)(d+2)/2. As ω is decreased, new zeros of d|~ε~k|/dki are expected

to appear at ~k = ~k0 which satisfies Eqn. 4.25. Generically, one expects such solutions to
constitute discrete point(s) in the Brillouin zone or there may be no solutions at all. In the
former case, one would find a transition to (ω/n)d/2 scaling (Eqn. 4.26) along with possible
re-entrant behaviour similar to the d = 1 model.

However, for a class of 2D models, including the Kitaev model, the existence of a spe-
cial symmetry leads to solution of Eqn. 4.25 along a line(s) in the Brillouin zone. For
the Kitaev model, this can be understood from the fact that the Hamiltonian (for which
b~k = −[J1 cos(kx) + J2 cos(ky)], ∆~k = J1 sin(kx) + J2 sin(ky) and g(t) = J3(t) remain invariant
under the simultaneous transformations J1 ↔ J2 and kx ↔ ky . The dynamics preserves this
symmetry; consequently the zeroes of ∂|~ε~k|/∂kx and ∂|~ε~k|/∂ky coincide and form a 1D curve
in the 2D Brillouin zone leading to a line of zeroes. This phenomenon is illustrated in Fig.
4.15(b) (c) and (d). The additional line of zeroes appears when ω is changed from 10π (Fig.
4.15(b)) to 3.3π (Fig. 4.15(d)). The critical point, where the line of zeroes first appear is
ωc ' 4π (Fig. 4.15(c)). The corresponding plot of D for l = 1 and l = 2 as a function of n
(Fig. 4.15(a)) shows two different relaxation behaviour in accordance with our analysis. The
presence of such line of zeroes excludes the possibility of re-entrant behaviour since an entire
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Figure 4.14: The dynamical phase diagram calculated for the long-ranged generalized Kitaev
chain defined in Eqn. 2.14 where g(t) is driven according to the square pulse protocol (Eqn. 4.3)
with gf = 0, varying gi and ω for different values of (a) α = 4.5, (b) α = 2.5, (c) α = 1.5 and
(d) α = 1.06. The dark (light) regions in the phase diagrams indicate a relaxation behaviour
of Dn(l) ∼ (ω/n)3/2 (Dn(l) ∼ (ω/n)1/2) for any l� L. The dotted line displayed in each panel

is obtained from the solution of ω
(1)
c using Eqn. 4.41.
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Figure 4.16: Schematic representation of the subsystems A and B, each of length l and
separated by a distance ls, between which the mutual information after n drive cycles [denoted
by In(l, ls)] is computed.

line of zeroes can not generically vanish at a single ω as it is varied.
To understand the point discussed above in a bit more general setting, let us consider a

class of Hamiltonians which has the form

H~k = h[g1(kx) + α1g0(ky), g2(kx) + α2g2(ky)...; β(t)]

≡ h[gp(kx) + αpgp(ky); β(t)] (4.42)

for 1 ≤ p ≤ pmax, where gp are arbitrary functions of kx or ky and αp are parameters of H~k.
For example, for the Kitaev model pmax = 2, g1 = cos(ki), g2 = sin(ki), β(t) = J3(t)/J1, and
α1 = α2 = J2/J1. It is easy to see that the drive does not change this functional form; thus
U~k and hence H~kF and |ε~k| retains the same structure

|ε~k| = h′[gp(kx) + αpgp(ky);T ]. (4.43)

Such a functional form guarantees that if ∂|~ε~k|/∂kx = 0 so is ∂|~ε~k|/∂ky. This implies that
the zeroes of ∂|~ε~k|/∂kx (or equivalently ∂|~ε~k|/∂ky) forms a 1D curve in the 2D Brillouin zone
leading to a line of zeroes of ∇|~ε~k|. The generalization of this result for d > 2 may lead to
d′ < d hyper-surfaces of zeroes of ∇|~ε~k| in a d-dimensional Brillouin zone.

4.3 Propagation of mutual information

In this section, we aim to measure the spread of entanglement entropy in free fermionic system
as a function of space and time when the system is subjected to periodic drive. As a concrete
example, we will consider the system described by the Hamiltonian given in Eqn. 2.14. We
set g(t) a periodic function of time. For our purpose, we monitor the mutual information
In(A,B) between two non-overlapping spatial regions A and B to measure the total amount
of correlations present between A and B. Mutual information, In(A,B) is defined as

In(A,B) = Sn(A) + Sn(B)− Sn(A ∪B) (4.44)

For this study, we take both the regions A and B to contain l adjacent sites each with
ls sites separating these non-overlapping regions (shown schematically in Fig. 4.16), A ∪ B
represents the 2l sites of these two subsystems together, and Sn(R) is the entanglement entropy
of the subsystem R after n drive cycles. Henceforth, we will denote the mutual information
between two disjoint subsystems by In(l, ls). In(l, ls) has the property that it is positive and
can only vanish if ρr(A∪B) = ρr(A)⊗ρr(B). Therefore, starting from an unentangled state at
n = 0, In(l, ls) provides an unbiased measure of when the two regions A and B get entangled
with each other as n is progressively increased.
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The behaviour of In(l, ls) is shown in Fig. 4.17 for the power-law decay exponent α = 8.0
(Fig. 4.17(a)), α = 2.5 (Fig. 4.17(b)), α = 1.8 (Fig. 4.17(c)) and α = 0.9 (Fig. 4.17(d))
respectively for a square pulse protocol (Eqn. 4.3) with the parameters being gi = 2, gf = 0,
and ω/π = 10. The pure state at n = 0 is the vacuum state of the fermions. We take a fixed
size of l = 10 adjacent sites for both the regions A and B and show the results for In(l, ls) for
a separation of ls = 100, 200 and 400 sites as a function of the stroboscopic time n in Fig. 4.17.
For α = 8.0 (Fig. 4.17(a)), we have checked that the behaviour of the mutual information (and
all other quantities we are going to compute in this section) is practically indistinguishable from
the short-ranged case where the pairing terms are restricted to be between nearest neighbors
(i.e., α → ∞). Notice that in the limit α → ∞, our model (given by Eqn. 2.14) boils
down to the fermionized version of the TFIM in d = 1 (see Eqn. 2.5). This implies that the
results for α = 8.0 are practically indistinguishable from the result one would get for TFIM
in d = 1. However, it should be appreciated that in that case In(A,B) would represent the
mutual information shared between the spins sitting in the non-overlapping spatial region A
and B after n drives. From numerics, we see that In(l, ls) becomes non-zero only after a
finite n, the value of which increases linearly with the distance between the disjoint blocks
(ls) (Fig. 4.17(a)), thus clearly showing the light cone effect with a well-defined velocity. For
a fixed ls, In(l, ls) shows a strong peak at a value of n close to where it first becomes non-zero
(inset of Fig. 4.17(a)). For α = 2.5 (Fig. 4.17(b)), there are already significant deviations
compared to α → ∞. For example, the peak in In(l, ls) for a fixed ls as a function of n does
not appear soon after it first turns non-zero (inset of Fig. 4.17(b)) but only at a much later
value of n unlike when α = 8.0. However, the mutual information again first turns non-zero
only after a finite n that scales linearly with the distance between the blocks ls. Moreover,
the position of the peak in the mutual information that emerges only at a much later n also
scales linearly with increasing ls with a different velocity that is distinct from the light cone
velocity. In Fig. 4.17(c),(d), we display the effect of lowering α further on the propagation
of mutual information. Both for α = 1.8 (Fig. 4.17(c)) and for α = 0.9 (Fig. 4.17(d)), the
mutual information behaves completely differently from the cases shown in Fig. 4.17(a),(b)
in that no matter how large the separation between the blocks (ls), the mutual information
is always non-zero for any n > 0 which implies that the blocks become entangled with each
other instantaneously showing the absence of a strict light cone effect. The immediate growth
of the mutual information for any n > 0 is demonstrated more clearly in the insets of the
corresponding figures in Fig.4.17(c),(d). However, in spite of the absence of a light cone effect,
there are still clear features in terms of local peaks of the mutual information as a function
of n where the peak positions in n increase linearly with ls (main panels of Fig. 4.17(c),(d)).
This means that one can associate the notion of a well-defined velocity for such features even
at small α where there is an instantaneous propagation of the entanglement.

The results displayed in Fig. 4.17 for ω/π = 10 can be qualitatively understood by using
results from previous studies of quantum quenches in such long-ranged models. We note that
at large ω, the Floquet Hamiltonian that describes the stroboscopic time evolution equals the
time-averaged Hamiltonian over one drive cycle H̄ as ω →∞ and the problem can be formally
mapped to a global quantum quench with the post-quench Hamiltonian being equal to H̄. We
can then directly apply the results obtained in Refs. [26–28] which we summarize below. The
group velocity of the quasiparticles at momentum k can be obtained from vg(k) = d|~εk|/dk
where |~εk| is given in Eqn. 4.37 when ω →∞. The maximum of the magnitude of the group
velocity vg(k) as a function of k, which we denote by vmax

g , is finite [26–28] when α > 2, which
justifies the presence of the light cone effect for global quenches even in such long-ranged
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Figure 4.17: The propagation of mutual information In(l, ls) where l = 10 and ls = 100
(black), ls = 200 (red), ls = 400 (blue). The periodic drive parameters are gi = 2, gf = 0,
and ω/π = 10 with system size L = 2 × 105. The state at n = 0 is the vacuum state of
the fermions. The four panels show data for (a) α = 8.0, (b) α = 2.5, (c) α = 1.8 and
(d) α = 0.9. The insets of the panels in (a) and (b) (data for ls = 400) show that mutual
information becomes non-zero only after a finite n. Dotted vertical lines in the insets are at
n = ls/(2T (vFg )max) with ls = 400. The insets of panels in (c) and (d) (data for ls = 400) show
that mutual information becomes non-zero immediately for any n > 0. The dotted lines in
the main panels of (a),(b),(c), and (d) are at n = ls/(2T |vFg (k∗)|) (with ls = 400 here) such
that DF

g (k → k∗)→∞.
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Figure 4.18: The propagation of mutual information In(l, ls) where l = 10 and ls = 200. The
periodic drive parameters are gi = 2, gf = 0, and ω/π = 0.5 with system size L = 2 × 105.
The state at n = 0 is the vacuum state of the fermions. The two panels show data for (a)
α = 8.0 and (b) α = 1.8. The insets of these panels (data for ls = 200) show that in (a)
mutual information becomes non-zero only after a finite n. Dotted vertical line in the inset
is at n = ls/(2T (vFg )max) with ls = 200; and in (b) mutual information becomes non-zero
immediately for any n > 0. The dotted lines in the main panels are at n = ls/(2T |vFg (k∗)|)
(with ls = 200 here) such that DF

g (k → k∗)→∞.

systems. However, vmax
g → ∞ when α → 2+. Near k = 0, the dispersion relation of the

quasiparticle energy behaves as [26–28]

|~εk|ω→∞ ∼ ε0 + Akα−1. (4.45)

Thus the group velocity near k = 0 diverges as kα−2 for any α < 2. The spectrum is also
unbounded as k → 0 when α < 1. Thus, there is no sharp light cone for a quantum quench
when α < 2, consistent with the behaviour displayed in Fig. 4.17(c),(d) for a large driving
frequency.

At any finite ω, the spreading of the mutual information deviates from the global quantum
quench. Then, a natural question that arises is that when do qualitatively new features appear
in the entanglement propagation as the driving frequency of the periodic protocol is decreased?
In Fig. 4.18, we show the mutual information propagation for the same combination of α, gi
and gf as in Fig. 4.17(a) and Fig. 4.17(c) but at a lower driving frequency of ω/π = 0.5. The
mutual information profile is now completely different compared to the case where ω/π = 10
(which was similar to that of a global quench) and has much more structure. Crucially, there is
still a well-defined light cone effect for α > 2 (as shown for α = 8.0 in Fig. 4.18(a), inset) while
the entanglement builds up immediately when α < 2 (as shown for α = 1.8 in Fig. 4.18(b),
inset) even at low ω. In particular, for large α, the space-time propagation of the mutual
information shows a simple behaviour with a single sharp light cone front when the driving
protocol frequency is large (Fig. 4.17(a)), but clear multiple light cone fronts with distinct
velocities for lower ω (as can be seen in Fig. 4.18(a)).

The presence (absence) of light cone like features in the spreading of mutual information
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in space-time for α > 2 (α < 2) at any drive frequency ω can be easily seen by plotting
In(l, ls) as a function of both the subsystem separation (ls) and the stroboscopic time (nT ) as
shown in Fig. 4.19. For α = 8.0, we see a single light cone feature for a large drive frequency
ω/π = 10.0 (Fig. 4.19(a)). For the same α, we see the presence of multiple light cone features
in the mutual information propagation for a lower drive frequency of ω/π = 0.5 (Fig. 4.19(b)).
For a low α(= 1.8), we can see that there is no sharp light cone effect irrespective of whether
the drive frequency ω is large (Fig. 4.19(c)) or small (Fig. 4.19(d)). Also, we can clearly see
that the mutual information propagation in space-time for low α is qualitatively different at
ω/π = 0.5 compared to the high-frequency drive frequency case (ω/π = 10.0).

In Fig. 4.20, we see that the appearance of new features in the propagation of the mutual
information in space-time is intimately tied to the last dynamical phase transition in frequency
for any α > αc as ω is varied in the range [0,∞). More precisely, for a driving frequency

ω ∈ (ω
(1)
c ,∞), the mutual information spreading shows no new features compared to the

ω → ∞ limit irrespective of whether α > 2 (Fig. 4.20(a)) (where there is a strict light cone
effect present at any ω) or α < 2 (Fig. 4.20(b)) (where there is no light cone effect at any ω).

When ω < ω
(1)
c , qualitatively new features emerge both when α > 2 (Fig. 4.20(a)) and α < 2

(Fig. 4.20(b)).
To understand generic features of the spread of entanglement in space as a function of

the stroboscopic time and its dependence on the driving frequency for the generalized Kitaev
chain, it is sufficient to look at the behaviour of δCij(n) and δFij(n) (Eqn. 4.23). For brevity,
we only analyze δCij(n) (since δFij(n) leads to similar conclusions) and focus on the “space-
time scaling limit” [29] where both ls = (i − j) → ∞ and n → ∞, with ls/n = us fixed.
Expressing the integrand in terms of us and n, we get

δCij(n) =

∫ π

0

dk

8π
(n̂2

k3 − 1)
(
eiΦ+(k)n + eiΦ−(k)n + c.c.

)
Φ±(k) = (kus ± 2|~εk|T ) (4.46)

Thus, along the line ls/n = us, the integral in Eqn. 4.46 is dominated by the stationary points
of Φ±(k) given by the k values (denote by k∗) where dΦ±(k)/dk = 0 which gives

2vFg (k∗)T = ±us (4.47)

where we have defined the “Floquet group velocity” of the quasiparticles at momentum k as
vFg (k) = d|~εk|/dk (here, we stress again that we are working in the reduced zone scheme as
explained below Eqn. 4.19). We numerically see from Fig. 4.21 that the maximum magnitude
of vFg (k) in the BZ, which we denote by (vFg )max, is finite for α > 2 and diverges for α < 2
irrespective of the value of ω using the square pulse protocol (Eqn. 4.3), and not just when
ω → ∞ where the problem reduces to that of a global quench. Furthermore, the divergence
in vFg (k) arises when k → 0 and is of the form kα−2 for α < 2 irrespective of the value of ω
(as shown in the inset of Fig. 4.21 (b)). This explains the build up of the mutual information
immediately for any n > 0 as shown in the inset of Fig. 4.17(c) and Fig. 4.18(b) when α = 1.8,
unlike the case shown in (inset of) Fig. 4.17(a) and Fig. 4.18(a) where α = 8.0.

We now consider the behaviour of mutual information for a fixed ls as a function of n
(as shown in Fig. 4.17 and Fig. 4.18). At large n, δCij(n) will receive a contribution from a
stationary point k∗ whenever Eqn. 4.47 is satisfied for a k∗ ∈ [0, π]. From this, it is immediately
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Figure 4.19: The propagation of mutual information In(l, ls) shown as a function of the
subsystem separation (ls) and stroboscopic time (nT ) where each subsystem has l = 10 sites.
The state at n = 0 is the vacuum state of the fermions. The periodic drive parameters are
gi = 2, gf = 0, and (a) α = 8.0, ω/π = 10.0 (b) α = 8.0, ω/π = 0.5 (c) α = 1.8, ω/π = 10.0
(d) α = 1.8, ω/π = 0.5. Here bright (dark) colour represents a higher (lower) value of
mutual information. The dotted lines displayed in panels (a), (b), (c), (d) have slopes equal
to 1/(2|vFg (k∗)|) such that DF

g (k → k∗)→∞.
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Figure 4.20: We show the behaviour of In(l, ls) for l = 10 and ls = 100 with gi = 2 and gf = 0
as a function of nT where T is the time-period of the drive for multiple driving frequencies
with (a) α = 8.0 and (b) α = 1.8. In both panels, the mutual information shows no new

features when ω ∈ (ω
(1)
c ,∞) and qualitatively new features when ω < ω

(1)
c irrespective of

whether there is a light cone effect (α > 2 as in (a)) or not (α ≤ 2 as in panel (b)).
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Figure 4.21: We show here that (vFg )max is finite for (a) α > 2 (data for α = 2.5) and diverges
for (b) α < 2 (data for α = 1.8) irrespective of the value of the driving frequency ω. Here we
use the square pulse protocol and gi = 2.0, gf = 0.0 for finite ω. The inset of (b) shows that
the divergence near k = 0 is of the form kα−2 for α < 2 even at finite ω.
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clear that if

n < nc

(
=

ls
2T (vFg )max

)
(4.48)

then Eqn. 4.47 does not have any solution, and δCij(n) is vanishingly small. This explains
the resulting light cone effect whenever (vFg )max is finite, since otherwise nc → 0. In fact, the
mutual information decays exponentially as exp(−(nc−n)/ξ(α, ω)) for n < nc when ls is large
(insets of Figs. 4.17(a),(b) and Fig. 4.18(a)), where ξ(α, ω) → ∞ as α → 2+ since (vFg )max

diverges below α = 2 (Fig. 4.21) for any ω.
For n > nc, there may be a solution at some k∗ where Eqn. 4.47 is satisfied at a particular

n. Apart from an oscillatory sinusoidal factor, this contribution from k∗ will scale as (the
form of the stationary point contribution may be read off from Eqn. 4.26, which holds for the
model under consideration)√

DF
g (k∗)

nT
, with DF

g (k) =
1

π
|dvFg (k)/dk|−1, (4.49)

where DF
g (k) can be interpreted as a density of states in velocity as a function of k since it can

be written as DF
g (k) = (1/π)

∫ π
0
dkδ(v − vFg (k)). Thus at a fixed ls, mutual information will

then show strong features in the neighborhood of n = ls/(2T |vFg (k∗)|) (the stationary point
condition of Eqn. 4.26) when DF

g (k∗) → ∞. In Fig. 4.17(a),(b),(c),(d) and Fig. 4.18(a),(b),
n = ls/(2T |vFg (k∗)|) are marked by vertical dotted lines at ls = 200 in the main panels for the
k∗ where DF

g (k) diverges, and we indeed see that the local peaks of the mutual information
are in their neighborhood.

Let us first consider the case when ω � 1. For α = 8.0 with gi = 2 and gf = 0, DF
g (k) has a

single divergence at k = 0 for ω/π = 10.0 which is also the momentum k at which the Floquet
group velocity vFg (k) attains its maximum magnitude (Fig. 4.22(a)). This explains the simple
behaviour of In(l, ls) as shown in Fig. 4.17(a) where there is a single sharp mutual information
front soon after it turns non-zero as a function of n. Lowering the value of α to 2.5 (keeping
the other parameters the same as before) already leads to an interesting difference. DF

g (k)
now has two divergences, both at non-zero values of k, but the maximum of vFg (k) is still at
k = 0 (Fig. 4.22(b)), where DF

g (k) goes to zero. This explains the marked difference of In(l, ls)
for α = 2.5 (Fig. 4.17(b)) compared to α � 1. The mutual information is suppressed in the
neighborhood of n = nc (Eqn. 4.48) because of the low density of quasiparticles that have
velocities close to (vFg )max. Instead, the peak feature in the mutual information in Fig. 4.17(b)
is from the contribution of the quasiparticles in the neighborhood of k∗ for which DF

g (k)→∞
here (Fig. 4.22(b)) and therefore, has a velocity vFg (k∗), which is completely different from
(vFg )max.

Importantly, DF
g (k) is strongly sensitive to the driving frequency ω. When ω → 0, vFg (k)

crosses zero a large number of times (∼ 1/ω or larger) in the BZ as can be seen from Fig. 4.10.
Since vFg (k) is continuous in k, this implies that the number of divergences in DF

g (k) also scales
in the same manner at small ω, which is qualitatively different from the behaviour of DF

g (k)
at large ω. We show the behaviour of vFg (k) and DF

g (k) at a driving frequency of ω/π = 0.5
for α = 8.0 (Fig. 4.23(a)) and for α = 1.8 (Fig. 4.23(b)) where the other parameters are gi = 2
and gf = 0. The multiple light cones in Fig. 4.18(a) for α = 8.0 can now be seen as the direct
consequence of extra divergences in DF

g (k) apart from at k = 0 when ω is decreased. The first
light cone front as a function of n arises from the quasiparticles around k = 0 where vFg (k)
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Figure 4.22: The behaviour of vFg (k) (shown in red) and DF
g (k) (shown in black) at high

frequency (ω/π = 10.0) for (a) α = 8.0 and (b) α = 2.5. The other drive parameters are
gi = 2 and gf = 0. The locations of the divergences of DF

g (k) are shown as dotted (blue) lines.
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Figure 4.23: The behaviour of vFg (k) (shown in red) and DF
g (k) (shown in black) at a drive
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Figure 4.24: The behaviour of vFg (k) (filled lines) and DF
g (k) (dotted lines) shown for (a)

α = 8.0 and (b) α = 1.8 where the drive parameters are gi = 2 and gf = 0. Above ω
(1)
c ,

no new divergences are produced in DF
g (k) compared to the global quench case (ω → ∞),

whereas below ω
(1)
c , an additional divergence is generated in DF

g (k) in both the cases.

attains its maximum. However, the other two pronounced light cone fronts in In(l, ls) (as
shown in Fig. 4.18(a)) are because of the quasiparticles around k∗1 and k∗2, that propagate with
the corresponding vFg (k) (Fig. 4.23(a)), which are the other momenta where DF

g (k) diverges.
Similarly, the difference in the behaviour of In(l, ls) for α = 1.8 at the driving frequencies
of ω/π = 10.0 (Fig. 4.17(c)) and ω/π = 0.5 (Fig. 4.18(b)) can again be attributed to the
presence of extra divergences in DF

g (k) as the driving frequency is varied (Fig. 4.23(b)). Thus,
extra divergences in DF

g (k) as the frequency is reduced from 1/ω = 0 causes the appearance of
qualitatively new features that are absent in the global quench case (or equivalently, at high
driving frequencies). We also note here the presence of additional local extrema in the mutual
information In(l, ls) for both large α (Fig. 4.18(a)) and for small α (Fig. 4.18(b)) which cannot
be simply explained by the divergences in DF

g (k) when the driving frequency is small. It will
be useful to understand this full structure in detail in future work.

When α > αc, we see that no new divergence develops in DF
g (k) compared to the global

quench case (ω →∞) for any ω ∈ (ω
(1)
c ,∞) and an extra divergence is immediately generated

for ω → ω
(1)
c from below irrespective of whether α > 2 (Fig. 4.24(a)) or α < 2 (Fig. 4.24(b)).

The number of zeroes of both the functions, vFg (k) and dvFg (k)/dk in k ∈ [0, π] stay unchanged

when ω is above ω
(1)
c . Just below ω

(1)
c , an additional zero in vFg (k) first enters from one of

the BZ edges which causes vFg (k) to change sign in that k neighborhood (either around k = 0
or k = π depending on where the new zero enters from). Moreover, it also causes vFg (k) to
develop an additional extremum between its new zero and the zero at the BZ edge. Hence,
an additional divergence is immediately produced in DF

g (k) when ω goes infinitesimally below

ω
(1)
c . As ω is lowered further, additional divergences get generated in DF

g (k) at other specific
values of ω (because the quantity is integer-valued) since ultimately the number of these
divergences diverges as ω → 0 as discussed before. Thus, the mutual information propagation
can attain a qualitatively different profile in space-time due to additional divergences in the
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function DF
g (k) when ω is outside the range (ω

(1)
c ,∞), whereas inside this frequency range,

there is no qualitative distinction compared to the case of a global quantum quench. This
establishes the presence of a sudden change in mutual information In(l, ls) as a function of ω

at the largest dynamical transition frequency ω
(1)
c for α > αc.
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Chapter 5

Steady states in aperiodically driven
integrable systems

5.1 Introduction

As before, we will again consider integrable systems reducible to free fermions. In this chapter,
our objective is to understand the existence and nature of well-defined non-equilibrium steady
states (NESS) for continually driven protocols that are not periodic function in time. We
restrict ourselves to the drives which can be represented by discrete quantum maps for ease
of analysis. For concreteness, we work with the TFIM in d = 1 described by the Hamiltonian
given in Eqn. 2.1. As usual, we consider the magnetic field g in TFIM (see Eqn. 2.1) to
be explicitly time-dependent. For a periodically driven system, the magnetic field g(t) is a
periodic function of time i.e., g(t+ T ) = g(t) where T is the period of the drive. However, in
this chapter, we will break this periodicity of the drive by the addition of noise term. Under
such condition, it is useful to ask whether NESS at all exists and if it does then what type
of NESS they are and how to describe them. As we will see, the answer to this question is
not universal and the nature of the resulting NESS is dependent upon the type of noise one
introduces in order to break the periodicity of the drive. In particular, we will consider three
types of noise in this chapter and they are 1. random noise 2. scale-invariant noise and 3.
quasi-periodic noise. We will show that all these different types of noises lead to completely
different consequences. To make things mathematically concrete, we proceed as follows.

First of all, we note that for a periodically driven system, the state of the system after n
drives is given by

|ψ(t = nT )〉 = [U(T )]n|ψ(t = 0)〉 (5.1)

where U(T ) represents the unitary matrix that evolves the system by a time period and
|ψ〉 stands for the wave function of the system. Repeatedly using the corresponding time
evolution operator U(T ) for all values of n > 0 in Eqn. (5.1) results in periodic driving with
period T . However, for our present case, we need to consider a magnetic field g(t) that varies
aperiodically in time. To construct such function we follow a simple recipe as follows. We start
with a reference function gref(t) defined for 0 ≤ t ≤ T . Consider a drive protocol where g(t)
is constructed by patching together rescaled versions of gref(t) in time as a function of n such
that the period of gref(t) is stretched or reduced by dT depending on n. The corresponding
time evolution operator is then denoted by U(T + dT ) or U(T − dT ). The new drive protocol
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g(t) can now be represented by a sequence in n that takes a value of either +1 (representing
U(T + dT )) or −1 (representing U(T − dT )) at each n. There are an infinite number of
ways to choose the sequence of ±1 as a function of n, each of which represents a different
purely unitary dynamics, such that the resulting driving protocol g(t) cannot be represented
by any periodic function in time. We note that the protocol described above involving two
time periods T + dT and T − dT is mathematically equivalent to a protocol in which the
time period T is kept fixed but the Hamiltonian is scaled globally by factors of 1 + dT/T and
1−dT/T respectively. The important point about the protocol is that it involves two possible
time evolution operators which do not commute with each other.

While our basic conclusions are protocol independent and do not depend on the exact na-
ture of gref(t), we take it to have a square pulse variation in time for mathematical convenience,
namely,

gref = gi for 0 ≤ t < T/2

= gf for T/2 ≤ t ≤ T. (5.2)

The corresponding unitary time evolution operator Uk(T ) for the pseudospin mode with mo-
mentum k equals

Uk(T ) = exp

(
−iHk(gf )

T

2

)
exp

(
−iHk(gi)

T

2

)
, (5.3)

where Hk has the form given in Eqn. (2.5) as discussed in chapter 2. For the perturbed
Floquet dynamics that we consider in this work, we need to define Uk(T ± dT ); these follow
in a straightforward manner from Eqn. (5.3) by replacing T → T ± dT .

Rewriting Eqn. 5.1 for the perturbed Floquet dynamics for the mode with momentum k,
we get

|ψk(n)〉 = Uk(T + τndT )Uk(T + τn−1dT )..U(T + τ1dT )|ψk(0)〉 = T
n∏
i=1

Uk(T + τidT )|ψk(0)〉(5.4)

where the sequence τi = τ1, τ2, τ3, · · · (with each τi being equal to either +1 or −1) is the
same for all the allowed k modes at a finite L. (In the last expression in Eqn. (5.4), T denotes
time-ordering).

From the above discussion, it is evident that the choice of the sequence τi is completely
determined by the type of noise one is interested to introduce in order to break the periodicity
of drive. The types of noise we consider in this chapter are as follows:

Random noise: For Floquet systems perturbed with random noise, the sequence τi can be
taken to be any typical realization of a random process where each element is chosen to be
±1 randomly and independently with probability 1/2.

Scale-invariant noise: For Floquet systems perturbed with scale-invariant noise, we take
the well-known Thue-Morse sequence [1–3] which is an infinite sequence of τi = ±1 that is
obtained by starting with τ1 = −1 and successively appending the negative of the sequence
obtained thus far. The first few steps of this recursive procedure yield
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m = 0 : τ1 = − 1 (5.5)

m = 1 : τ1, τ2 = − 1,+1

m = 2 : τ1, · · · , τ4 = − 1,+1,+1,−1

m = 3 : τ1, · · · , τ8 = − 1,+1,+1,−1,+1,−1,−1,+1

m = 4 : τ1, · · · , τ16 = − 1,+1,+1,−1,+1,−1,−1,+1,+1,−1,−1,+1,−1,+1,+1,−1
...

At each recursion level m, we thus obtain the first 2m elements of this infinite sequence.
The self-similar structure of the Thue-Morse sequence can be verified by removing every second
term from it, which then results in the same infinite sequence. This sequence is thus neither
periodic nor random but has a scale-invariant structure in time. Note that the average time
period of this perturbed Floquet system equals T (the time period of the unperturbed Floquet
system), just like in the random noise case.

Quasi periodic noise: Here, we take the sequence τi to be given by the Fibonacci se-
quence [4], which is perhaps the best-known example of a quasi-periodic sequence; this is
an infinite sequence of τi = ±1 that is obtained by starting with τ1 = +1 at level 1, and
τ1 = +1, τ2 = −1 at level 2. The elements at level m are then obtained recursively by follow-
ing the elements at level m− 1 with those at level m− 2. The first few steps of this recursive
procedure yield

m = 1 : τ1 = + 1

m = 2 : τ1, τ2 = + 1,−1

m = 3 : τ1, τ2, τ3 = + 1,−1,+1

m = 4 : τ1, · · · , τ5 = + 1,−1,+1,+1,−1

m = 5 : τ1, · · · , τ8 = + 1,−1,+1,+1,−1,+1,−1,+1

m = 6 : τ1, · · · , τ13 = + 1,−1,+1,+1,−1,+1,−1,+1,+1,−1,+1,+1,−1
... (5.6)

The number of elements at each recursion level m increases in accordance to the Fibonacci
numbers (1, 2, 3, 5, 8, 13, · · · ). Since the ratio of consecutive Fibonacci numbers is known to
approach the golden ratio ϕ = (1+

√
5)/2 asymptotically, the number of elements n generated

at level m increases as n ∼ ϕm for large m.

5.2 Some Preliminaries

5.2.1 Reduced density matrices and the distance measure

Given the wave function |ψ(n)〉 of the entire system after n drives, we have already seen how to
compute the reduced density matrix of a subsystem of l adjacent spins and from this reduced
density matrix how to compute the entanglement entropy of these l adjacent spins (see section.
3.2.2 and section. 4.1.1 for details). If a non-equilibrium steady state exists as n → ∞, then
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the convergence of the local properties to their final steady state values as n increases can be
characterized by the distance measure defined in Eqn. 4.14. It is worthy of being pointed out
again that for dT = 0, Dn(l) does not decay to zero as n→∞ if l/L is finite ( L is the linear
dimension of the full system ); this explicitly shows that only local quantities can be described
by the periodic generalized Gibbs ensemble (p-GGE).

5.2.2 Coarse-graining in momentum space

In general, the entire wave function |ψ(n)〉 after n drives needs the specification of (uk(n), vk(n))T

at k = 2πm/L with m = 1/2, 3/2, · · · , (L− 1)/2. The quantities uk(n) and vk(n) can be ob-
tained by numerically solving Eqn. 4.5 as discussed in section. 4.1.1 of chapter 4. However,
Cn(l) ( Eqn. 3.16 ) and consequently the reduced density matrix for any l � L depends only
on certain coarse-grained variables defined as follows [6, 7](

|uk(n)|2
)
c

=
1

Nc

∑
k∈kcell

|uk(n)|2,

(u∗k(n)vk(n))c =
1

Nc

∑
k∈kcell

u∗k(n)vk(n). (5.7)

These variables are defined using Nc(� 1) consecutive k modes that lie within a cell (kcell)
which has an average momentum kc in momentum space and a size δk where 1/L� δk � 1/l.
With this condition on δk, the sinusoidal factors in Eqn. (4.7) can be replaced to a very good
approximation by

cos[k(i− j)] ' cos[kc(i− j)], ∀ 0 ≤ |i− j| ≤ l,

sin[k(i− j)] ' sin[kc(i− j)], ∀ 0 ≤ |i− j| ≤ l, (5.8)

for all the k modes within the cell. The sum over momentum in Eqn. (4.7) can thus be
carried out in two steps, first summing over the consecutive momenta in a single cell, and then
summing over the different momentum cells. This gives

Cij '
1

Ncell

∑
kc

(|uk(n)|2)c cos[kc(i− j)],

Fij '
1

Ncell

∑
kc

(u∗k(n)vk(n))c sin[kc(i− j)], (5.9)

where Ncell � L/2 represents the number of momentum cells after the coarse-graining proce-
dure.

Note that even though quantities like |uk(n)|2 and u∗n(k)vn(k) continue to display Rabi
oscillations and thus have no well-defined n→∞ limit, the coarse-grained variables (|uk(n)|2)c
and (u∗k(n)vk(n))c must reach final steady state values for a non-equilibrium steady state to
exist.
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5.3 Results

5.3.1 Periodically driven system: Some important aspects

In this subsection, we discuss some essential results which we obtain when TFIM in d = 1
is driven periodically in time i.e., dT = 0. We discuss these results at the outset since then
it becomes more convenient to compare and contrast these results with those we get for
periodicity broken drives i.e., dT 6= 0.

First, we note that there exist numerical evidences suggesting that generic non-integrable
systems typically heats up to infinity when subjected to the periodic drive (see Ref. [8] and
the brief discussion in section. 1.4.2 of chapter 1 of this thesis ). Now, if a system is locally
described by an infinite temperature ensemble (ITE), then ρl = I, where I is the identity
matrix, for any l � L. This immediately implies that (|uk(n)|2)c, (|vk(n)|2)c → 1/2 and
(u∗n(k)vn(k))c → 0 for all the coarse-grained momentum cells as n→∞, since Cij = (1/2)δi,j
and Fij = 0 for ρl = I. However, the situation is entirely different for periodically driven
integrable systems. In such a case, the long-time behaviour of the local properties of the
system is described by periodic generalized Gibbs ensemble which is entirely different from
the infinite temperature ensemble. Simplest way to see this is the following. We calculate
the n dependence of such coarse-grained quantities such as (|uk(n)|2)c, (|vk(n)|2)c numerically
by taking a sufficiently large system size L (typically L = 131072, but L = 524288 in some
cases), so that the allowed momentum modes are sufficiently dense in the interval k ∈ [0, π],
and then dividing the Brillouin zone intoNcell = 32 cells, each of which has Nc � 1 consecutive
momenta. For the periodic drive case where dT = 0, we see that although (|uk(n)|2)c indeed
converges to a finite value (Fig. 5.1) and thus has a well-defined non-equilibrium steady state,
this constant depends on the value of the average momentum of the coarse-grained cell (kc)
and is different from 1/2, showing that the local description is different from that of an infinite
temperature ensemble.

Probability distribution on the Bloch sphere

At each k, the pseudospin state |ψk(n)〉 obtained after n drives can be parameterized in terms
of three angles (θk(n), φk(n), βk(n)),(

uk(n)
vk(n)

)
= eiβk(n)

(
cos(θk(n)/2)e−iφk(n)/2

sin(θk(n)/2)eiφk(n)/2

)
. (5.10)

The overall phase βk(n) is not important and we will ignore it henceforth. We will concentrate
on the angles θk(n) and φk(n) which define the motion of a point on the unit Bloch sphere for
each momentum k. From Eqn. (5.3), it is clear that Uk(T ) is an element of the group SU(2)
(namely, 2× 2 unitary matrices with determinant equal to 1), and it can be written as

Uk(T ) = exp(−iγkêk · ~σ), (5.11)

where 0 ≤ γk ≤ π and êk = (e1k, e2k, e3k) is a unit vector. For a drive protocol that is perfectly
periodic, (θk(n), φk(n)) traces out a circle on the Bloch sphere formed by the intersection of
this unit sphere with the plane that contains the point (θk(0), φk(0)) and whose normal vector
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Figure 5.1: behaviour of the coarse-grained quantities (|uk(n)|2)c as a function of n for a
perfectly periodic drive (dT = 0). The parameters used are L = 131072, gi = 4, gf = 2,
and T = 0.2. Each coarse-grained cell contains Nc = 2048 consecutive momenta, and kc
denotes the average momentum of such a cell. Results for kc = 31π/64 (lower line in red) and
kc = 15π/64 (upper line in blue) are shown.

equals êk. It is then clear that the quantities Ik defined as

Ik = 〈ψk(n)|êk · ~σ|ψk(n)〉 (5.12)

are all independent of n for a periodic drive protocol and thus define the extensive number of
stroboscopically conserved quantities.

The behaviour of the coarse-grained quantities in Eqn. (5.7) depend on the simultaneous
positions of (θk(n), φk(n)) on the unit sphere of all the momenta modes that lie within a
coarse-grained cell. Since their number Nc � 1 when L� 1, it is useful to instead look at the
probability distribution of these Nc points on the unit sphere. In particular, we will study the
probability distribution of |uk(n)|2−|vk(n)|2 = cos θk for each such coarse-grained momentum
cell, which we denote as Pn(cos θk), as a function of n. We can also define another probability
distribution from the motion of a single k mode for a large number of drive cycles and denote
it by P (cos θk). Remarkably, we find that

Pn(cos θkc) ' P (cos θkc) (5.13)

for large n, where kc denotes the average momentum of a coarse-grained cell that has Nc

momenta on the left hand side of Eqn. (5.13), and the right hand side is obtained from the
motion of a single momentum mode at kc.
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Probability distribution for periodic driving: dT = 0

We will first derive the form of P (cos θk) when dT = 0. In this case, the time evolution
operator after one time period T for the momentum mode k (where 0 ≤ k ≤ π) is given by

Uk(T ) = exp[−i(T/2){(gf − cos k)σz + (sin k)σx}]
× exp[−i(T/2){(gi − cos k)σz + (sin k)σx}].

(5.14)

Since Uk(T ) is an element of the group SU(2), it can be written in the form of Eqn. (5.11),
where γk and the unit vector êk = (e1k, e2k, e3k) can be derived by using the expression given
in Eqn. (5.14). Then the two-component spinor obtained after n drives is given by(

uk(n)
vk(n)

)
= (Uk(T ))n

(
0
1

)
=

(
−i sin(nγk) (e1k − ie2k)

cos(nγk) + i sin(nγk) e3k

)
. (5.15)

Hence

cos θnk = |uk(n)|2 − |vk(n)|2

= −e2
3k − cos(2nγk) (1− e2

3k), (5.16)

where we have used the identity e2
1k + e2

2k + e2
3k = 1. We now assume that γk/π is an irrational

number; this is justified since rational numbers lying in the range [0, 1] form a set of measure
zero. Hence the set of numbers 2nγk mod π covers the region [0, π] uniformly as n→∞. We
now use the fact that if 2nγk is uniformly distributed from 0 to π, the probability distribution
of the variable v = cos(2nγk) is given by

P (v) =
1

π
√

1− v2
(5.17)

for −1 ≤ v ≤ 1. [This is because P (v) = (1/π)
∫ π

0
dθ δ(v − cos θ) = 1/(π

√
1− v2).] Using

Eqn. (5.17) in Eqn. (5.16), we find that the probability distribution of cos θk is given by

P (cos θk) =
1

π
√

(1 + cos θk) (1− 2e2
3k − cos θk)

(5.18)

for −1 ≤ cos θk ≤ 1− 2e2
3k, while P (cos θk) = 0 for 1− 2e2

3k < cos θk ≤ 1. We observe that this
distribution has square root divergences at two points given by cos θk = −1 and 1− 2e2

3k, and
the range of cos θk is given by 2(1− e2

3k). Further, the distribution is correctly normalized so

that
∫ 1

−1
d(cos θk)P (cos θk) = 1.

Given the values of the parameters gi, gf , T and k, one can calculate êk and therefore e3k

from Eqn. (5.14) and (5.11). Eqn. (5.18) then gives the probability distribution of cos θk which
is generated by a large number of drives, as shown in Fig. 5.2. We also calculate Pn(cos θk)
for the TFIM in d = 1 with L = 131072 where the positive momenta in the Brillouin zone
are divided into Ncell = 32 cells, each thus containing Nc = 2048 consecutive momenta; we
display the result for a large n (= 5× 105) in Fig. 5.2 which validates Eqn. (5.13).
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Figure 5.2: Plot of Pn(cos θk) calculated at n = 5× 105 for a system size of L = 131072 spins,
where the number of coarse-grained cells equal Ncell = 32 and each cell contains Nc = 2048
consecutive momenta. Results for kc = 31π/64 (red, solid) and kc = 15π/64 (blue, solid)
are shown, where kc denotes the average momentum of the corresponding cell. P (cos θk) at
k = 31π/64 (red, dashed) and k = 15π/64 (blue, dashed) are also shown using the analytical
result in Eqn. (5.18). The drive parameters are gi = 4, gf = 2, T = 0.2 and dT = 0.

Eqn. 5.13 can be analytically understood as follows. For large n, we have argued above
that the right hand side of Eqn. 5.13 is given by Eqn. (5.18) with k = kc. Now we look at the
left hand side of Eqn. 5.13 ; here we have to consider a large but fixed value of n and average
over a range of momenta δk around k = kc. We begin with the expressions

Uk(T ) = exp(−iγkêk · ~σ),

Uk+δk(T ) = exp(−iγk+δkêk+δk · ~σ). (5.19)

For δk � 1, γk will be close to γk+δk and êk will be close to êk+δk. However,

(Uk(T ))n = exp(−inγkêk · ~σ),

(Uk+δk(T ))n = exp(−inγk+δkêk+δk · ~σ), (5.20)

and it is clear that if n is very large, nγk and nγk+δk will not be close to each other. In other
words, a small value of γk+δk − γk gets amplified as n increases but a small value of êk+δk − êk
does not get amplified. For δk � 1, we can therefore make the approximation of setting
êk = êk+δk, but we cannot set γk = γk+δk if we are interested in the n→∞ limit. Hence,

|ψk(n)〉 = (Uk(T ))n
(

0
1

)
,

|ψk+δk(n)〉 = (Uk+δk(T ))n
(

0
1

)
, (5.21)

imply, using Eqn. (5.16), that

cos θnk = −e2
3k − cos(2nγk) (1− e2

3k),

cosθn,k+δk = −e2
3k − cos(2nγk+δk) (1− e2

3k). (5.22)
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Now, we can write γk+δk−γk = gkδk, where gk is a number of order 1. Suppose that n is large
enough that 2ngkδk � π. This implies that as k goes over all the momenta in a cell lying
in the range kc − δk/2 to kc + δk/2, 2nγk mod π will cover the range [0, π] uniformly. Hence
in this cell with an average momentum kc, the distribution of the variable v = cos(2nγk) will
again be given by Eqn. (5.17). Arguments similar to the ones leading from Eqn. (5.16) to
Eqn. (5.18) will then show that the left hand side of Eqn. (5.13) is also given by Eqn. (5.18).

We will now derive the value to which (|uk(n)|2)c converges as n → ∞ (Fig. 5.1). It is
straightforward to see that 1/2 − (|uk(n)|2)c = −(1/2)(cos θk(n))c, where the coarse-grained
quantity (cos θk(n))c is given by

(cos θk(n))c ≡
∫ 1

−1

d(cos θk)Pn(cos θk) cos(θk). (5.23)

As n→∞, using Eqn. 5.13 and Eqn. 5.18, we get

(cos θk(n))c =

∫ 1

−1

d(cos θk)P (cos θk) cos(θk)

= − e2
3k. (5.24)

This is in agreement with the results shown in Fig. 5.1 for 1/2− (|uk(n)|2)c which, in the limit
n→∞, is equal to (1/2)e2

3kc
.

5.3.2 Results for perturbed Floquet system with random noise

We will now study the unitary dynamics when dT � T and the τi’s in Eqn. (5.4) are taken
to be any typical realization of a random sequence of ±1’s which are chosen with probability
1/2 each. We again look at the behaviour of the coarse-grained quantities to understand
the nature of the resulting non-equilibrium steady state. We will see that in spite of the
integrability of the model, the resulting non-equilibrium steady state is locally described by
an infinite temperature ensemble as n→∞, unlike the case with dT = 0.

The first quantity we look at is the overlap of a reference k mode |ψk(n)〉 with other k+ δk
modes that lie very close to it, i.e., where δk � 1, as a function of n when the unitary
dynamics is of the form given in Eqn. (5.4) with the τi’s taken from a typical realization of
a random sequence of ±1’s. Fig. 5.3 shows a plot of |〈ψk(n)|ψk+δk(n)〉|2 versus n. At n = 0,
all the |ψn(k)〉 start from the same state (0, 1)T . We see that while |〈ψk(n)|ψk+δk(n)〉|2 stays
localized between 1 and another value (which is derived in the next paragraph) for the perfectly
periodic drive with dT = 0 (see Fig. 5.3), the dT 6= 0 case is extremely sensitive to initial
conditions; we then find that |〈ψk(n)|ψk+δk(n)〉|2 covers the entire range [0, 1] at large n when
the overlap with different k+δk modes is considered where all δk � 1 (see Fig. 5.3). Note that
if δk � 1, then each individual Uk+δk(T +τndT ) is only slightly different from Uk(T +τndT ) of
the reference k mode. This behaviour of the overlaps already suggests that the coarse-grained
quantities behave completely differently in the dT 6= 0 case at large n.

For the perfectly periodic drive with dT = 0, we can understand the behaviour of
|〈ψk(n)|ψk+δk(n)〉|2 versus n as follows. Following the arguments given in Eqn. (5.19-5.21), we
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Figure 5.3: The overlap |〈ψk(n)|ψk+δk(n)〉|2 for two different kinds of unitary processes as
a function of n. dT = 0 (black lines) denotes a perfectly periodic drive protocol, while
dT = 0.05 (red lines) is a typical realization of a random process where τi are chosen to be
±1 with equal probability (Eqn. (5.4)). T = 0.2 in both cases, and the starting wave function
equals (uk(0), vk(0))T = (0, 1)T for all momenta. k = π/2 is taken as the reference mode, and
its overlap calculated with the next ten consecutive momenta are shown where the momentum
spacing equals π/65536.

find that

|〈ψk(n)|ψk+δk(n)〉|2

= 1 + sin2[n(γk − γk+δk)] (e2
3k − 1). (5.25)

For n � 1/|γk − γk+δk|, sin2[n(γk − γk+δk)] will oscillate between 0 and 1. Eqn. (5.25) then
implies that |〈ψk(n)|ψk+δk(n)〉|2 will oscillate between 1 and e2

3k, and the range of values is
given by 1− e2

3k. We note that this is exactly half the range of values of cos θk which is given
by 2(1− e2

3k) according to Eqn. (5.18).
We will now study what happens to the probability distribution Pn(cos θk) for the unitary

process with dT 6= 0. To evaluate this quantity, we use a chain with L = 524288 spins
where each coarse-grained cell in momentum space contains Nc = 8192 consecutive momenta
(hence, Ncell = 32) and the spinor at each k equals (0, 1)T at n = 0. The results for one
such cell (with average momentum kc = 31π/64) are shown in Fig. 5.4. For small n, we see
that Pn(cos θk) approaches the distribution for the perfectly periodic drive with the same T
but with dT = 0 which has characteristic square-root divergences as shown in Eqn. (5.18).
However, as n increases further, the probability distribution starts deviating strongly from this
form and approaches a constant distribution eventually at large n (see Fig. 5.4); this shows
that the Nc points that constitute the coarse-grained momentum cell are uniformly spread
over the unit sphere. The lower panel of Fig. 5.4 shows the positions of the Nc points on the
unit sphere, from which Pn(cos θk) is constructed, for n = 100, n = 10000 and n = 200000.
We will now provide an understanding of this spreading based on the idea of random walks.

We define two unitary matrices Uk(T − dT ) and Uk(T + dT ) given by
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Figure 5.4: Plots of Pn(cos θk) for various values of n. The distributions are constructed using
Nc = 8192 points in a coarse-grained momentum cell with average momentum kc = 31π/64;
the system size equals L = 524288 and the number of coarse-grained momentum cells equal
Ncell = 32. The drive parameters used are gi = 4, gf = 2, T = 0.2 and dT = 0.05.
For small n(= 100) (red, solid line), Pn(cos θk) approaches the dT = 0 analytical result in
Eqn. (5.18) (red, dashed line). At larger values of n(= 10000) (green, solid), the distribution
strongly deviates from the dT = 0 form, and it approaches a constant function equal to 1/2
at still larger values of n(= 200000) (blue, solid). The lower panel shows the positions of the
Nc = 8192 points (in blue) on the unit sphere for different values of n.
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Uk(T ± dT ) = exp[−(i/2)(T ± dT ){(gf − cos k)σz + (sin k)σx}]
× exp[−(i/2)(T ± dT ){(gi − cos k)σz + (sin k)σx}],

(5.26)

These are the time evolution operators for the two possible time periods T − dT and
T + dT respectively. The time evolution operator Unk for n drives is obtained by multiplying
n matrices each of which is randomly chosen to be either Uk(T − dT ) or Uk(T + dT ) with
probability 1/2 each to obtain a particular realization of this random process as shown in
Eqn. (5.4).

Next, we parameterize the two matrices as

Uk(T − dT ) = exp(−iαkâk · ~σ),

Uk(T + dT ) = exp(−iβkb̂k · ~σ). (5.27)

For dT = 0, these matrices reduce to Uk(T ) given in Eqn. (5.14); in that case, we have seen
that the evolution operator Uk(T ) corresponds to a rotation about a unit vector êk given in
Eqn. (5.11). If dT is non-zero but small, the unit vector corresponding to each drive will have a
small random component. To quantify this, we note that if dT is small, the unit vectors âk and
b̂k given in Eqn. (5.27) differ by small angles ∆φ1k = arccos(êk · âk) and ∆φ2k = arccos(êk · b̂k)
from the unit vector êk. These two small angles are of the same order and we can denote their
average as ∆φk. For dT = 0 or sin k = 0, it is clear from Eqn. (5.14) and (5.26) that the unit
vectors êk, âk and b̂k are identical, and therefore ∆φk = 0. Hence, we see that

∆φk ∝ dT sin k (5.28)

when either dT or sin k → 0, and Eqn. (5.28) holds independently of the exact form of the
drive protocol.

If the drives have time periods given by T + dT and T − dT randomly, we expect from
the theory of random walks that after n drives, the unit vector corresponding to Unk will
differ from êk by an angle proportional to

√
n∆φk, assuming that ∆φk is small (this will be

true if dT is small). However, since the unit vectors lie on a compact space (given by the
points on the surface of the unit sphere), the deviation of the unit vector of Unk from êk
cannot go to∞ as n→∞; rather, the unit vectors will cover the unit sphere uniformly giving
rise to a uniform probability distribution P (cos θk) = 1/2. The behaviour of the probability
distribution Pn(cos θk) shown in Fig. 5.4 for large n is thus consistent with Eqn. (5.13).

Furthermore, from the above argument, the spreading of the overlaps |〈ψk(n)|ψk+δk(n)〉|2
as a function of n (as shown in Fig. 5.3) when many neighboring momentum modes very close
to the reference mode k are considered is controlled by a time scale nT , where n(∆φk)

2 '
n(dT )2(sin k)2 ∼ O(1); hence the time scale nT varies with the momentum k. We explicitly
verify this by showing the behaviour of the corresponding coarse-grained variables (|uk(n)|2)c
(defined in Eqn. (5.7)) in Fig. 5.5. The data is consistent with an exponential decay to 1/2;
however, the rate of decay is clearly sensitive to the values of both dT and kc (the average
momentum of the coarse-grained cell) as we see in Fig. 5.5 (a). However, when the data is
plotted versus n(dT )2(sin kc)

2 (see Fig. 5.5 (b)) instead of n, we clearly see that the time
scale of the exponential decay to 1/2 is controlled by τkc,dT = 1/ [(dT )2(sin kc)

2] as predicted
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Figure 5.5: (a) behaviour of the coarse-grained quantities 1/2− (|uk(n)|2)c as a function of n
for different values of dT and kc (average momentum of the coarse-grained cell). The same
random sequence τi has been used in all the cases. The other parameters are L = 524288,
Ncell = 32 and Nc = 32 with gi = 4, gf = 2 and T = 0.2. (b) Plot of 1/2 − (|uk(n)|2)c as
a function of n(dT )2(sin kc)

2 shows that the decay of (|uk(n)|2)c to 1/2 is consistent with an
exponential decay with a time scale τkc,dT = 1/ [(dT )2(sin kc)

2]. The fit to an exponential
function is displayed in (b) using open circles. The color scheme used in both panels is:
dT = 0.05, kc = 15π/64 (in black), dT = 0.05, kc = 31π/64 (in red), dT = 0.04, kc = 5π/64
(in green), dT = 0.04, kc = 15π/64 (in blue), dT = 0.02, kc = 15π/64 (in magenta), and
dT = 0.02, kc = 31π/64 (in orange).

by the random walk argument. We have further checked that the coarse-grained quantity
(u∗k(n)vk(n))c (Eqn. (5.7)) relaxes to zero for large n for any value of kc.

The behaviour of both Pn(cos θk) in Fig. 5.4 and (|uk(n)|2)c in Fig. 5.5 as functions of
n show the irreversible approach to an infinite temperature ensemble when local quantities
are probed. Finally, we consider the implication of the dependence of the time scale τk,dT =
1/ ((dT )2(sin kc)

2) (that controls the relaxation of (|uk(n)|2)c) on dT and kc for the rate at
which the trace distance of the reduced density matrix of a subsystem of l consecutive spins
from an infinite temperature ensemble (using the definition Dn(l) in Eqn. (4.14)) approaches
zero after a large number of drives n. Since the trace distance receives a contribution from all
momenta k, it should approach zero as

Dn,ITE(l) ∼
∫ π

0

dk exp(−n/τk,dT ), (5.29)

where C∞(l) in Eqn. (4.14) is calculated using an infinite temperature ensemble.
For large n, the integral in (5.29) is dominated by the regions in k where τk,dT is large,

namely, k = 0 and π where sin k → 0. Absorbing n in k (or π − k) in the exponential, we see
that the trace distance will scale with n as 1/(

√
ndT ) when dT is small. Thus, Dn,ITE(l) ∼

Fl(n(dT )2), where Fl(x) ∼ 1/
√
x for x� 1. Secondly, Fl(x) ∼ O(1) when x� 1 since in this

limit the system must relax to the p-GGE that emerges for dT = 0. Thus, the prethermal
regime where the system initially approaches the p-GGE exists for time scales that depend on
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Figure 5.6: Plot of Dn,ITE as a function of n(dT )2 for different values of dT (dT = 0.05 in
black, dT = 0.04 in red, and dT = 0.02 in green), where the other drive parameters are
gi = 4, gf = 2 and T = 0.2. The system size equals L = 524288 spins and the subsystem
consists of l = 16 consecutive spins. The same random sequence τi has been used in all the
cases. (Inset) Plot of Dn,GGE as a function of n.

dT as n ∼ 1/(dT )2 for dT � T . The numerical data for dT 6= 0 for the behaviour of Dn,ITE(l)
as a function of x = n(dT )2 is consistent with both these expectations, i.e., Fl ∼ 1/

√
x for

x� 1 and Fl ∼ O(1) for x� 1, as shown in Fig. 5.6 for a fixed T = 0.2 and different values
of dT . It is also instructive to look at Dn,GGE for non-zero values of dT (Fig. 5.6, inset) where
C∞(l) is calculated using the dT = 0 p-GGE as a function of n. For time scales n ∼ 1/(dT )2,
Dn,GGE decreases as a function of n which shows that the system approaches the p-GGE in
the prethermal regime. However, at larger values of n, Dn,GGE starts increasing as a function
of n which explicitly shows that the large-n steady state is not described by a p-GGE. The
initial relaxation to a p-GGE in the prethermal regime scales either as Dn,GGE ∼ n−3/2 (the
case shown in Fig. 5.6, inset) or as Dn,GGE ∼ n−1/2 depending on which dynamical phase the
periodic drive protocol (dT = 0) belongs to [11].

For completeness, we point out that Ref. [9] (see also Ref. [10]) also considered a noisy
TFIM in d = 1 though not periodically driven on average, and showed that the asymptotic
steady state is an infinite temperature ensemble. However, they considered the behaviour of
quantities averaged over different realizations of the noise which resembles an open quantum
system with non-unitary dynamics. Here, we show that if one restricts to understanding only
local quantities as functions of n in a perturbed Floquet integrable system, even the unitary
dynamics of a single typical realization of a random sequence leads to an infinite temperature
ensemble.

5.3.3 Results for perturbed Floquet system with scale-invariant
noise

We will now study the unitary dynamics when dT 6= 0 but the τi’s in Eqn. (5.4) are not
a random sequence of ±1 but are instead given by the scale-invariant Thue-Morse sequence
in Eqn. (5.5) that is neither periodic nor random. The average time-period of such a drive
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Figure 5.7: behaviour of the coarse-grained quantities (|uk(n)|2)c as a function of n when the
τi’s are chosen according to the Thue-Morse sequence. The parameters used are L = 131072,
gi = 4, gf = 2, T = 0.2 and dT = 0.05. Each coarse-grained cell contains Nc = 2048
consecutive momenta and kc denotes the average momentum of such a cell. Results for kc =
31π/64 (lower red curve) and kc = 15π/64 (upper blue curve) are shown.

protocol continues to equal T . To this end, we first show the coarse-grained quantity (|uk(n)|2)c
in Eqn. (5.7) as a function of n where the τi’s are chosen to be ±1 according to the Thue-
Morse, with T = 0.2 and dT = 0.05 (Fig. 5.7). We see that these quantities behave entirely
differently from either the periodic case (dT = 0) in Fig. 5.1 or the randomly perturbed case in
Fig. 5.5. From Fig. 5.7, it is not even clear whether a well-defined non-equilibrium steady state
exists as n→∞. We will show below that in fact a non-equilibrium steady state does exist in
the large-n limit if the local quantities are observed not as a function of n, but instead as 2n

(hence, geometrically instead of stroboscopically). New emergent conserved quantities, similar
to Eqn. (5.12) when 2n is used instead of n, appear in this unitary dynamics but only when n
becomes sufficiently large, which then allow for the construction of a “geometric generalized
Gibbs ensemble” (g-GGE) for the resulting steady state.

We begin by noting that the evolution operators for drives corresponding to T − dT and
T + dT at a particular k are respectively given by the matrices Uk(T − dT ) and Uk(T + dT )
given in Eqn. (5.26); for simplicity of notation, we will not write the subscript k in this section
henceforth. Furthermore, we will denote U(T − dT ) by A0 and U(T + dT ) by B0 here. Then
the operators corresponding to the pair of drives (τi, τi+1) = −1,+1 and (τi, τi+1)=+1,−1
are given by A1 = B0A0 and B1 = A0B0 respectively. We now focus on the case where
n = 2m where m = 0, 1, 2, · · · . It is then easy to see that the unitary dynamics can be entirely
expressed in terms of the new matrices A1 and B1. We illustrate this in the second line of
Eqn. (5.30) for the case of m = 4 (thus n = 16).

A0B0 B0A0 B0A0 A0B0 B0A0 A0B0 A0B0 B0A0 | ψk(n = 0)〉

B1A1 A1B1 A1B1 B1A1 | ψk(n = 0)〉

A2B2 B2A2 | ψk(n = 0)〉

B3A3 | ψk(n = 0)〉
A4 | ψk(n = 0)〉 (5.30)
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This motivates us to define matrices Am and Bm recursively as

Am+1 = Bm Am,

Bm+1 = Am Bm, (5.31)

for all m ≥ 0. We can then show that the evolution operator after exactly 2m drives is given
by Am. (Eqn. (5.30) illustrates this for m = 4, i.e., n = 16). Note that this provides a very
efficient method to calculate the dynamics after n = 2m which only requires O(m) matrix
multiplications at each k instead of O(2m). We will show that remarkably Am = Bm when m
becomes sufficiently large and thus there is an emergent periodicity when the system is viewed
geometrically (i.e., after every n = 2m).

We will now study how the matrices Am, Bm defined in Eqn. (5.31) behave in the limit
m→∞. To this end, we parameterize these matrices as

Am = exp(−iαmâm · ~σ),

Bm = exp(−iβmb̂m · ~σ). (5.32)

We also define the angle φm between the unit vectors âm and b̂m, namely,

φm = arccos(âm · b̂m), (5.33)

with 0 ≤ φm ≤ π. Using Eqn. (5.31-5.33), we find that

cosαm+1 = cos βm+1

= cosαm cos βm − sinαm sin βm cosφm,

sinαm+1 âm+1 = sinαm cos βm âm + sin βm cosαm b̂m

+ sinαm sin βm âm × b̂m,
sin βm+1 b̂m+1 = sinαm cos βm âm + sin βm cosαm b̂m

− sinαm sin βm âm × b̂m. (5.34)

From Eqn. (5.34), we can prove the following results. First, we find that αm = βm for all
m ≥ 1. We will therefore use only the variable αm henceforth. Next, we find the recursion
relations

cosαm+1 = cos2 αm − sin2 αm cosφm, (5.35)

tan

(
φm+1

2

)
= | tanαm| sin

(
φm
2

)
. (5.36)

Since αm = βm for all m ≥ 1, Eqn. (5.34) imply that

âm+1 + b̂m+1 =
sin(2αm)

sinαm+1

(âm + b̂m). (5.37)

This means that the unit vector which points in the direction of âm + b̂m is the same for m
and m+ 1, up to a sign; hence, up to a sign, the direction of this unit vector does not change
at all with m, all the way from m = 1 to ∞. These arguments will break down if either âm or
b̂m is ill-defined; according to Eqn. (5.32), this can only happen if αm or βm becomes exactly
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equal to 0 or π. However these cases require very special choices of A0 and B0 which form a
set of measure zero; we will therefore ignore such special cases.

To summarize, we find that the dynamics given by Eqn. (5.31) conserves two quantities
at every iteration: αm = βm, and the direction of the unit vector âm + b̂m is conserved for all
m ≥ 1. The existence of these conserved quantities considerably simplifies the analysis as we
will see below.

For sufficiently large m, we find numerically that φm → 0 although φm does not approach
zero monotonically (see Fig. 5.8). We can understand this as follows. If φm → 0, Eqn. (5.35)
implies that αm+1 → 2αm mod π. Assuming that αm/π is irrational, we see that αm will cover
the region [0, π] uniformly as m→∞. Next, assuming φm, φm+1 to be small, we obtain

φm+1 = | tanαm| φm (5.38)

from the lowest order expansion of the terms appearing in Eqn. (5.36). Since αm covers
[0, π] uniformly, | tan(αm)| varies all the way from zero to ∞; this explains why φm does not
monotonically approach zero. In fact,

φm+N

φm
= exp[

N−1∑
j=0

log(| tanαm+j|)], (5.39)

and for large N , a uniform distribution of αm implies that
∑N−1

j=0 log(| tanαm+j|)→
(N/π)

∫ π
0
dα log(| tanα|) which is equal to zero. Thus we would expect that as m → ∞, φm

should stay at a constant value if we stopped at the first order expression in Eqn. (5.38). We
therefore have to go to the next order in the expansion of Eqn. (5.36). We find that

φm+1 = | tanαm| φm
(

1 − φ2
m

24

(
1 + 2 tan2 αm

))
. (5.40)

The fact that the last factor on the right hand side is always less than 1 explains why φm
eventually goes to zero as m→∞; this explains the numerical behaviour shown in Fig. 5.8.

As m → ∞, the fact that φm → 0 means that âm − b̂m → 0. The discussion following
Eqn. (5.37) then implies that â∞ = b̂∞ is equal, up to a sign, to the unit vector which points
in the direction of â1 + b̂1. Hence the value of â∞ = b̂∞ can be found right in the beginning
when we calculate â1 and b̂1.

We now examine what happens if we view the system geometrically after n = 2m drives
where m = 0, 1, 2, · · · . In Fig. 5.8 (inset), we show the components of the unit vector âm
versus m for gi = 4, gf = 2, T = 0.2, dT = 0.05, and k = π/2. (In that figure, we have taken
the third component of âm, called a3m, to be non-negative for all values of m. According to
Eqn. (5.32), this can always be ensured, by flipping αm → −αm and âm → −âm if necessary.)
We see that for m up to about 1300, there are intermittent large fluctuations in both âm and
b̂m. As Eqn. (5.38) shows, these fluctuations occur when | tanαm| becomes large, namely,
when αm comes close to π/2. For very large values of m, âm and b̂m settle down to the same
value (Fig. 5.8, main panel). We therefore conclude that after an extraordinarily large number
of drives given by 2m, where m & 1300 (we have checked this for other values of k also), âm
and b̂m become identical and independent of m.

Since the unitary dynamics for n = 2m can be represented by a single unitary matrix Am
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Figure 5.8: behaviour of âm · b̂m as a function of m for a unitary process with k = π/2, T = 0.2
and dT = 0.05, where the τi’s are chosen according to the Thue-Morse sequence. (Inset)
behaviour of the three components of âm (a1m (red), a2m (green), a3m (blue)) as functions of
m for the same unitary process. The unit vector âm points in the direction of â1 + b̂1 for large
m (from Eqn. 5.37) since âm = b̂m for m� 1.

for the Thue-Morse sequence, this immediately shows that Jk defined as

Jk(2m) = 〈ψk(2m)|â∞ · ~σ|ψk(2m)〉
= 〈ψk(0)|A†m(â∞ · ~σ)Am|ψk(0)〉
= 〈ψk(0)|eiαmâm·~σ(â∞ · ~σ)e−iαmâm·~σ|ψk(0)〉

(5.41)

equals Jk ≡ 〈ψk(0)|â∞ · ~σ|ψk(0)〉 and becomes independent of m for sufficiently large m at
each momentum k. We should stress here, that unlike Ik defined in Eqn. (5.12) for the dT = 0
case which is conserved as a function of n, the quantities Jk are conserved geometrically, i.e.,
when n = 2m. Furthermore, one requires m to be larger than a threshold value (m & 1300
for the drive parameters shown in Fig. 5.8) for these conserved quantities to emerge at all
momenta k, and these conserved quantities are not manifest in the unitary dynamics below
this threshold value of m. We have also verified numerically that âm and b̂m become identical
and independent of m at large m not only for dT � T but for any value of dT/T .

The motion of the Nc(� 1) consecutive momenta contained in any of the coarse-grained
momentum cells on the unit sphere as a function of n provides another way to geometrically
see the emergent conserved quantities of this unitary dynamics (with the τi’s chosen according
to the Thue-Morse sequence). As shown in Fig. 5.9, when the system is viewed geometrically,
i.e., with n = 2m, the Nc points that belong to a momentum cell with average momentum kc
initially perform a complicated dynamics on the unit sphere but eventually settle down to a
very simple motion along a circle in the plane defined by â∞ (at kc) for large enough values
of m beyond a particular threshold.

Finally, we show in Fig. 5.10 the components of δnk = âk(T, dT )− âk(T, 0) versus k when
both âm and b̂m have settled down to the same value for a unitary process with the τi’s chosen
according to the Thue-Morse sequence for a given T and dT . Since âk(T, 0) represents the unit
vector that corresponds to the unitary matrix Uk(T ) for the perfectly periodic case (dT = 0)
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Figure 5.9: The positions of the Nc points (in blue) contained in a coarse-grained momentum
cell on the unit sphere for various values of n = 2m, where the system is viewed geometrically,
and the τi’s are chosen according to the Thue-Morse sequence. The parameters used are
L = 131072, gi = 4, gf = 2, T = 0.2 and dT = 0.05. Each coarse-grained momentum cell
contains Nc = 2048 consecutive momenta and the results displayed are for a cell with average
momentum of kc = 31π/64.
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Figure 5.10: δnk = âk(T, dT )− âk(T, 0) shown as a function of k. Here âk(T, dT ) refers to the
final value â∞ = b̂∞ to which âm and b̂m settle down at large m, where the τi’s in the unitary
process are chosen according to the Thue-Morse sequence with given values of T and dT . The
drive parameters are (a) gi = 4, gf = 2, T = 0.2 and dT = 0.05, and (b) gi = 4, gf = 2, T = 0.2
and dT = 0.8. The components of δnk are indicated as follows: δn1k (red), δn2k (green) and
δn3k (blue).
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Figure 5.11: (a) Convergence of 〈ψ(n)|σx|ψ(n)〉 to the final steady state value calculated using
the g-GGE. The steady state values are shown as dashed lines and are for drive parameters
gi = 4, gf = 2, T = 0.2 and dT = 0.05 (in black) and dT = 0.8 (in red), with a system size
equal to L = 131072. Note that m denotes exponentially growing time steps since n = 2m.
The inset of (a) shows the rapid convergence of the same local quantity as a function of n for
a perfectly periodic protocol with T = 0.2. (b) The data dT = 0.05 (in black) now shown
as a function of n and the dashed line represents the value obtained from the g-GGE. The
open circles represent the calculation at n = 2m using the unitary matrix Am at each k for
dT = 0.05. The direct calculation using Eqn. (5.4) at each n (black line) agrees perfectly with
the results at n = 2m (open circles) using Am.

given in Eqn. (5.11) and (5.14), we must have δnk → 0 as dT → 0. In Fig. 5.10 (a), we
show the variation of δnk versus k for dT = 0.05, T = 0.2, and the corresponding results for
dT = 0.8, T = 0.2 (thus, dT > T ) in Fig. 5.10 (b). We see that indeed â∞(= b̂∞) equals (up
to a sign) the unit vector in the direction of â1 + b̂1. The nature of the variation with k is
rather different for dT � T (Fig. 5.10 (a)) and dT � T (Fig. 5.10 (b)). Also, we note that
δnk equals 0 for k = 0 and k = π as expected since |a3| = 1 and a1 = a2 = 0 independently of
the value of dT at these two momenta.

Knowing the value of â∞ = b̂∞ as a function of k (Fig. 5.10) allows us to construct the local
description of the final non-equilibrium steady state. The construction is completely analogous
to the perfectly periodic driven case (dT = 0) where the relevant integrals of motion are now
Jk (in Eqn. (5.41)) at each momentum instead of Ik (in Eqn. (5.12)). The density matrix of
the g-GGE then equals

ρg−GGE =
1

Z
exp(−

∑
k

λkJk), (5.42)

where the Lagrange multipliers λk are fixed by the condition

Tr[ρg−GGEJk] = 〈ψk(n = 0)|Jk|ψk(n = 0)〉, (5.43)

103



and the normalization constant Z ensures that Tr[ρg−GGE] = 1. The final steady state value
of any local operator can then be evaluated by using this ensemble.

We show the results for one such local quantity 〈ψ(n)|σx|ψ(n)〉 in Fig. 5.11. Fig. 5.11 (a)
shows the convergence of this quantity to the final steady state value calculated using ρg−GGE

for two different cases (dT � T and dT � T ) as a function of n = 2m; the convergence to
the final g-GGE is extremely slow as we have already discussed in this section. Fig. 5.11 (b)
shows the data for the case dT � T as a function of n from which it is clear that even after a
large number of drives n ∼ 105, the system does not seem to relax to the final non-equilibrium
steady state in any simple manner if dT 6= 0 (whereas the relaxation of local quantities at
dT = 0 is much faster as is clear from the inset of Fig. 5.11 (a)), and the relaxation to the
non-equilibrium steady state takes place over a much longer time scale, as we see in Fig. 5.11
(a). We note here that this extremely slow relaxation of local quantities to their final steady
state appears to be quite insensitive to the value of dT as long as it is non-zero. Fig. 5.11 (b)
also shows the perfect agreement of the data calculated at n = 2m using the unitary matrix
Am at each k to the results of the more direct calculation at each n (using Eqn. (5.4)) without
using the recursive structure of the Thue-Morse sequence.

5.3.4 Results for perturbed Floquet system with quasi-periodic
noise

In this section, we consider the case where the time dependence of the magnetic field g of
TFIM in d = 1 is taken to be quasi-periodic by choosing the pulses to be of two types that
alternate according to a Fibonacci sequence. In other words, the sequence τi, as pointed out
in the beginning of this chapter (section. 5.1), is taken to be the Fibonacci sequence. Before
we embark on discussing the results, let us point out some important aspects of this problem.

It is evident that aperiodic drives can arise when some parameter, for instance g in our
case, of the Hamiltonian of the system is varied aperiodically in time. In particular, let us
suppose that g(t) follows one of the two relations below:

g(t) = cos(ωt) + δg(t) (5.44a)

g(t) = cos(ωt) + cos(αωt), (5.44b)

where ω is a given drive frequency and α is any irrational number like the golden ratio
ϕ = (1+

√
5)/2. We recognize that Eqn. (5.44) (a) represents the case where g(t) is a periodic

function perturbed by a random noise while Eqn. (5.44) (b) represents a case that is neither
periodic nor random, but quasi-periodic in time. The first case we have already considered
in section. 5.3.2 of this chapter. We emphasize that problem of perturbed Floquet system
with Fibonacci noise is a simpler case which analogous to Eqn. (5.44) (b). This is so since
the spectrum of the driving function shows pronounced peaks in Fourier space at frequencies
that are incommensurate multiples of each other. It is rather difficult to numerically simulate
a quasi-periodic drive protocol composed of two incommensurate frequencies. We therefore
adopt this simpler functional form of g(t) which shares the feature of having sharp peaks in
Fourier space at frequencies that are incommensurate multiples of each other. It is to be noted
that the difference between a random sequence of {τj} = ±1 and the Fibonacci sequence can
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Figure 5.12: The magnitude of the Fourier transform Γk (Eqn. (5.45)) calculated using the first
N terms of the sequence {τi} as a function of k/N where (left panel) the sequence is taken to
be the Fibonacci sequence, and (right panel) the sequence is taken to be a typical realization
of a random sequence. The number of terms N taken to calculate the Fourier transforms is
indicated inside the figure panels.

be easily seen by calculating the Fourier transform of the two sequences defined as

Γk =
1

N

N∑
j=1

τj exp

(
i2πk(j − 1)

N

)
, (5.45)

where the Fourier transform is calculated using the first N terms of the sequence {τj}, and
k = 0, 1, 2, · · · , N − 1. In Fig. 5.12 we show the magnitude |Γk| as a function of k/N for (a)
the Fibonacci sequence and (b) a typical realization of a random sequence. While the Fourier
transform is featureless for the random case, the Fibonacci sequence shows sharp peaks at
incommensurate frequencies, e.g., the ratio of the frequencies of the two highest peaks equals
the golden ratio ϕ.

Now, we are in a position to discuss the results for this problem in detail.

Behaviour of quantities as a function of n

We first study a local quantity, 〈ψ(n)|σx|ψ(n)〉, as a function of the drive number n. This
can be straightforwardly calculated in the fermionic representation (Eqn. (2.2)). We show the
results for two cases in Fig. 5.13 where the drive parameters are gi = 4, gf = 2, with T = 2.0
and dT = 0.2 in the left panel and T = 0.2, dT = 0.05 in the right panel. The behaviour of
this quantity for the same T but with dT = 0, i.e., a perfectly periodic drive protocol, is also
shown in the inset of both panels of Fig. 5.13. Unlike the periodically driven system where
〈ψ(n)|σx|ψ(n)〉 approaches a steady state value (described by the corresponding p-GGE and
shown in the insets of the left and right panels), this local quantity does not seem to approach
any well-defined steady state value as a function of n for the quasi-periodically driven system
even for n ∼ 105 (Fig. 5.13). Furthermore, 〈ψ(n)|σx|ψ(n)〉 has cusp-like singularities at
multiple values of n (clearly visible in Fig. 5.13 (left panel) but also present in Fig. 5.13 (right
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Figure 5.13: The behaviour of 〈ψ(n)|σx|ψ(n)〉 as a function of n for the Fibonacci quasi-
periodic drive protocol with the parameters gi = 4, gf = 2 and T = 2.0, dT = 0.2 (left
panel), T = 0.2, dT = 0.05 (right panel). The system size equals L = 4194304. The inset in
both panels shows the behaviour of 〈ψ(n)|σx|ψ(n)〉 for the perfectly periodic drive with the
corresponding value of T .
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Figure 5.14: The behaviour of (|uk(n)|2)c as a function on n for the Fibonacci quasi-periodic
drive protocol with the parameters gi = 4, gf = 2, T = 2.0 and dT = 0.2. The system size
equals L = 4194304 and the k space is divided into 64 cells with 32768 consecutive momenta
each. The left panel displays the result for kc = 37π/128 and the right panel for kc = 103π/128,
where kc denotes the average momentum of the corresponding momentum cell. The inset of
both panels shows the behaviour of the corresponding quantity for a periodically driven system
with dT = 0. The horizontal red line in both insets indicate the expected steady state value
for dT = 0.

panel)) with the strongest features being present when n equals a Fibonacci number.
We also show the behaviour of the coarse-grained quantities (|uk(n)|2)c defined in Eqn. (5.7)

as a function of n for the drive protocol with T = 2.0 and dT = 0.2 (gi = 4, gf = 2) in
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Figure 5.15: The trajectory of |ψk(n)〉 (where |ψk(n = 0)〉 = (0, 1)T ) for the Fibonacci drive
protocol shown on the Bloch sphere. The drive parameters are gi = 4, gf = 2, T = 0.2 and
dT = 0.05. Here k equals π/2 and the number of drives is taken to be 121393.

Fig. 5.14. As explained earlier, these quantities approach well-defined steady state values
for n → ∞ if a NESS exists. For example, 1/2 − (|uk(n)|2)c → 0 for n → ∞ for any
coarse-grained momentum cell if the NESS is an infinite temperature ensemble. Similarly,
1/2− (|uk(n)|2)c →

(
1
2

)
e2

3kc
(see section. 5.3.1 of this chapter) for a periodically driven system

provided δk is small enough so that the variation in êk is negligible for the momenta inside
a coarse-grained cell. To construct these coarse-grained quantities, we use a system size of
L = 4194304 spins and divide the k space into 64 momentum cells with each cell containing
32768 consecutive momenta. In Fig. 5.14, we show the behaviour of 1/2 − (|uk(n)|2)c as a
function of n for kc = 37π/128 (left panel) and kc = 103π/128 (right panel), where kc equals
the average momentum of a coarse-grained cell in k space. We also show the behaviour of the
corresponding quantities for dT = 0 in the inset of both the panels which show the convergence
to the expected values for the periodically driven case. We again see that (|uk(n)|2)c does not
seem to approach any well-defined steady state value even for n ∼ 105 for both the momentum
cells. The coarse-grained quantities also have cusp-like features at multiple values of n with
the strongest features at values of n that equal any of the Fibonacci numbers, exactly like the
local quantity 〈ψ(n)|σx|ψ(n)〉.

Lastly, we show the trajectory of a single k mode on the corresponding Bloch sphere as a
function of n in Fig. 5.15, where we take gi = 4, gf = 2, T = 0.2 and dT = 0.05. We see that
the trajectory neither follows a circle (as expected for a periodically driven system) nor covers
the entire surface of the sphere uniformly (as expected for an infinite temperature ensemble)
but is a complicated intermediate structure.

Behaviour of quantities as a function of n = Fm

From the behaviour of the local quantities shown in Fig. 5.13 and Fig. 5.14, it is clear that these
do not approach steady state values even for n ∼ 105. This is reminiscent of the case studied
in section. 5.3.3 of this chapter where the periodically driven system is perturbed with a noise
that is scale-invariant in time. The NESS is then only approached after an exponentially long
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Figure 5.16: (Left panel) The behaviour of 〈ψ(n)|σx|ψ(n)〉 as a function of m where the drive
number n = Fm (we note that n ∼ ϕm for large m). (Right panel) The behaviour of the
entanglement entropy for subsystem sizes l = 4, 8, 12, 16 as a function of m. The system size
is L = 4194304 and gi = 4 and gf = 2 for all the cases shown.

time when the system is viewed not stroboscopically but as m = 2n (this was dubbed as a
geometric generalized Gibbs ensemble).

We now use the recursive structure of the Fibonacci sequence to study the unitary dynamics
of the system for exponentially long times n = Fm ∼ ϕm using only O(m) unitary matrix
multiplications at each k. To see this, we simply note that the unitary evolution matrix at
level m, which we denote by Um, equals

Um+2 = UmUm+1, (5.46)

for all m ≥ 1 and U1 = Uk(T + dT ), U2 = Uk(T − dT )Uk(T + dT ) (see Eqn. (5.6)). We use
the recursion level index m (Eqn. (5.6)) as a shorthand to denote n = Fm. We show results
for 〈ψ(n)|σx|ψ(n)〉 as a function of m for various drive parameters (T, dT ) at gi = 4, gf = 2
in Fig. 5.16 (left panel). From these results, it is clear that this local operator does reach a
steady state when the system is observed not stroboscopically but at drive numbers n = Fm.
In Fig. 5.16 (left panel), we see that for some drive parameters (T = 2.0, dT = 0.2), the
steady state is reached much sooner with m than for the other drive parameters (T = 0.2,
dT = 0.05 and T = 0.4, dT = 0.02). Thus, the value of 〈ψ(n)|σx|ψ(n)〉 shown in Fig. 5.13
(right panel) for T = 0.2, dT = 0.05 up to n ∼ 105 is nowhere close to the final steady steady
value. While these results strongly suggest a NESS for l = 1 subsystems, it is also essential
to establish the same for other subsystem sizes (where l � L). To this end, we calculate the
entanglement entropy Sent(l) for subsystems of size l = 4, 8, 12, 16 as a function of n = Fm
and show the results in Fig. 5.16 (right panel) for T = 2.0 and dT = 0.2. The entanglement
entropy for all the subsystem sizes saturate to well-defined steady state values as a function of
n = Fm which shows that a NESS (as far as local quantities are concerned) is indeed reached
at exponentially long times. We also note that Sent(l) ∼ l for the steady state values of the
entanglement entropy in Fig. 5.16 (right panel) and thus follows a volume law scaling expected
for a NESS.

108



0 150 300 450 600
m

-0.2

0

0.2

0.4

1
/2

-(
|u

k(m
)|

2
) c

k
c
=37π/128

k
c
=63π/128

k
c
=95π/128

k
c
=103π/128

Figure 5.17: The behaviour of the coarse-grained quantities 1/2− (|uk(n)|2)c as a function of
m where the drive number n = Fm. The system size is L = 4194304 and the drive parameters
gi = 4, gf = 2, T = 2.0 and dT = 0.2. The momentum space is divided into 64 cells with each
cell having 32768 consecutive momentum modes to construct these coarse-grained quantities.
kc denotes the average momentum of a coarse-grained cell.

Further evidence for the emergence of a NESS is obtained by looking at the behaviour
of the coarse-grained quantities 1/2 − (|uk(n)|2)c for different momentum cells as a function
of n = Fm instead of stroboscopically (Fig. 5.17) for the drive parameters gi = 4, gf = 2,
T = 2.0 and dT = 0.2. These coarse-grained quantities also reach a steady state as a function
of n = Fm with the steady state value being a function of kc. Furthermore, the convergence
of (|uk(n)|2)c to its steady state value is a strong function of kc (Fig. 5.17) which implies that
different local operators have different time scales of approach to their corresponding steady
state values.

Behaviour of P∞(cos θkc , φkc)

To better understand the NESS generated for this quasi-periodic driving protocol when the
system is observed not stroboscopically but at n = Fm, we consider the probability distribution
Pn(cos θkc , φkc) generated by the motion of the Nc � 1 points on the unit sphere for each
coarse-grained momentum cell (with average momentum kc) as a function of n = Fm (in the
same spirit as we did in section 5.3.3 and section 5.3.2). To do this numerically, we consider
L = 16777216 and divide the momentum space into 32 cells with each coarse-grained cell
having 262144 consecutive momentum modes. Here we show the evolution of Pn(cos θkc , φkc)
as a function of n = Fm for two drive protocols with gi = 4, gf = 2, T = 0.2 and dT = 0.05
(Fig. 5.18) and with gi = 4, gf = 2, T = 2.0 and dT = 0.2 (Fig. 5.19). The momentum cell
chosen has an average momentum of kc = 31π/64 in the former case and kc = 19π/64 in the
latter case. In both the cases, the Nc points start from the south pole of the unit sphere at
n = 0 due to the choice of |ψ(n = 0)〉 taken here.

From the results presented in Fig. 5.18 and Fig. 5.19, we clearly see that Pn(cos θkc , φkc)
does have a well-defined long time limit P∞(cos θkc , φkc) when the system is observed at n =
Fm. The rate of convergence to P∞(cos θkc , φkc) again depends on the details of the drive
protocol and on kc. Most importantly, P∞(cos θkc , φkc) is neither a circle on the unit sphere
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Figure 5.18: The evolution of Pn(cos θkc , φkc) as a function of n = Fm for a coarse-grained mo-
mentum cell with Nc = 262144 consecutive momenta and kc = 31π/64. The drive parameters
are gi = 4, gf = 2, T = 0.2 and dT = 0.05. m takes the value 100 (top left), 300 (top right),
1000 (bottom left), 2000 (bottom right) in the four panels.
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Figure 5.19: The evolution of Pn(cos θkc , φkc) as a function of n = Fm for a coarse-grained mo-
mentum cell with Nc = 131072 consecutive momenta and kc = 19π/64. The drive parameters
are gi = 4, gf = 2, T = 2.0 and dT = 0.2. Here F1 = 1, F2 = 2 and Fm = Fm−1 + Fm−2 for
m > 2 with Fm ∼ ϕm for large m. m takes the value 15 (top left), 20 (top right), 50 (bottom
left), 100 (bottom right) in the four panels.
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(a) (b) (c)

Figure 5.20: Schematic distribution of the Nc � 1 points in a momentum cell at late times
traces out a circle on the surface of the unit sphere for a p-GGE (shown in (a)) and covers the
surface of the unit sphere uniformly for an infinite temperature ensemble (shown in (c)). For
the quasiperiodic Fibonacci drive protocol, the Nc points form a stable P∞(cos θkc , φkc) that
is intermediate between (a) and (c), as shown schematically in (b).

as is expected for a p-GGE (or, a g-GGE) nor a uniform cover of its surface as is the case
for an infinite temperature ensemble but rather something intermediate. As can be seen from
Fig. 5.18 and Fig. 5.19, the exact form of P∞(cos θkc , φkc) is a function of the drive parameters
and kc which suggests that the exact form of the NESS can be tuned by changing these
parameters appropriately.

Thus, we see that different structures of noise lead to different types of steady states. To
pictorially compare and contrast different types of steady stats we have encountered thus far
in this chapter, we construct a schematic figure shown in Fig. 5.20.

5.3.5 KKT invariant for the Fibonacci sequence

Given any two SU(2) matrices U1 and U2, a Fibonacci sequence of matrices is defined by the
recursion relation shown in Eqn. (5.46). Let us parameterize Um as

Um = eiθmn̂m·~σ, (5.47)

where 0 ≤ θm ≤ π and n̂m is a unit vector. We also define

Γm,m+1 = cos−1(n̂m · n̂m+1), (5.48)

where 0 ≤ Γm,m+1 ≤ π. It was shown by Kohmoto, Kadanoff and Tang (Ref. [12]) and
Sutherland (Ref. [5]) that a quantity defined as

Is = − (sin θm sin θm+1 sin Γm,m+1)2 (5.49)

is independent of m; we will call this the KKT invariant henceforth. This places a simple
constraint on the allowed values of θm since from Eqn. (5.48), we have

sin θm =

√
|Is|

sin θm+1 sin Γm,m+1

≥
√
|Is|. (5.50)

In Fig. 5.21 (left panel), we show that this constraint is indeed satisfied in our numerics for
any k mode when the unitary evolution matrix is calculated at n = Fm. The KKT invariant Is
is strongly dependent on k and dT for a fixed set of values of gi, gf and T as can be seen from
Fig. 5.21 (right panel). The strong dependence of Is on the drive parameters and momentum
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Figure 5.21: (Left panel) The evolution of sin θm as a function of m for the Fibonacci sequence
defined in Eqn. (5.46) for a mode with k = 2π/5, and gi = 4, gf = 2, T = 2.0 and dT = 1.2.
With these parameters, Is ≈ −0.0016877. (Right panel) The KKT invariant Is as a function
of k for a fixed gi = 4, gf = 2, T = 2.0, and different values of dT .

k makes the dependence of P∞(cos θkc , φkc) on the drive parameters and kc plausible. In
particular, if Is is close to −1, then the allowed values of θm are strongly constrained. We
should stress here that the constraint on θm does not imply that the motion of the state |ψk〉
generated by Um necessarily has forbidden regions on the Bloch sphere (however, see the next
section).

5.4 Analysis of a toy problem

In this section, instead of taking U1 = Uk(T + dT ) and U2 = Uk(T − dT )Uk(T + dT ) in
Eqn. (5.46), we will consider a simpler problem of a single two-level system with the following
initial matrices U1 and U2,

U1 = e−iσz(
π
2

+ε),

U2 = e−iσx(
π
2

+ε), (5.51)

and follow the motion of a state |ψ〉 = (0, 1)T on the Bloch sphere under the action of Um
(generated by the recursion in Eqn. (5.46)) as a function of m. For ε = 0, Um for any m will be
of the form ±e−iσa(π/2) where a = x, y, z. Thus the state |ψ〉, when represented on the Bloch
sphere, will equal one of the eight points (0, 0,±1), (0,±1, 0), (±1, 0, 0) as a function of m.

When ε 6= 0, the problem is no longer analytically tractable and requires a numerical
analysis. We show the result of such an analysis in Fig. 5.22 where the trajectory of the
state |ψ〉 on the surface of the Bloch sphere is shown for four different values of ε for a large
value of m = 106. We see that for ε = 0.10 (top left panel, Fig. 5.22) and ε = 0.28 (top
right panel, Fig. 5.22), there are still forbidden regions on the Bloch sphere just like the case
of ε = 0. However, for larger values of ε like ε = 0.29 (bottom left panel, Fig. 5.22) and
ε = 0.40 (bottom right panel, Fig. 5.22), the trajectory seems to completely fill the surface of
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Figure 5.22: The trajectory of a state |ψ〉 as a function of m on the surface of the (unit)
Bloch sphere for m = 106. The Fibonacci sequence of matrices Um is defined by the sequence
Eqn. (5.46) and U1, U2 have the forms shown in Eqn. (5.51). The values of ε used in the
different panels are ε = 0.10 (top left), ε = 0.28 (top right), ε = 0.29 (bottom left) and
ε = 0.40 (bottom right).

the sphere, though in a highly non-uniform manner. This simple toy problem thus illustrates
the richness of possible structures that can emerge for suitable choices of the matrices U1 and
U2 which may be controlled by choosing the exact nature of gref(t) and the momentum k.

We now analyze the Fibonacci sequence in the limit that the KKT invariant Is → −1 to
understand some features of the above problem when ε is small. To simplify the notation, let
us start at some value of m and define

θm ≡ π

2
+ ε1,

θm+1 ≡
π

2
+ ε2,

Γm,m+1 ≡
π

2
+ γ, (5.52)

where θm and Γm,m+1 are defined in Eqn. (5.47-5.48). Then Is close to −1 implies that ε1, ε2
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and γ all lie close to zero. An alternate way of writing Eqn. (5.52) is

sin ε1 = − 1

2
tr(Um),

sin ε2 = − 1

2
tr(Um+1),

sin γ = − n̂m · n̂m+1. (5.53)

The KKT invariant is then given by

Is = − 1 + ε21 + ε22 + γ2 (5.54)

plus terms of fourth order in ε1, ε2, γ. We then find from the recursion relation in Eqn. (5.46)
that, to third order in the small parameters ε1, ε2, γ, the quantities defined in Eqn. (5.52) for
m transform as follows when m→ m+ 1:

ε1 → ε2,

ε2 → − γ − ε1ε2 +
1

2
γ (ε21 + ε22),

γ → ε1 − ε2γ +
1

2
ε1 (γ2 − ε22). (5.55)

Iterating Eqn. (5.55) six times, we find that when m→ m+ 6,

ε1 → ε1 + 4ε1 (γ2 − ε22),

ε2 → ε2 + 4ε2 (ε21 − γ2),

γ → γ + 4γ (ε22 − ε21). (5.56)

Since ε1, ε2, γ are small, the changes in these parameters given in Eqn. (5.56) are small.
It is then convenient to replace those equations by differential equations where we define

dz

dm
≡ z(m+ 6) − z(m)

6
, (5.57)

where z can denote any of the variables given in Eqn. (5.56). We then obtain the equations

dε1
dm

=
2

3
ε1 (γ2 − ε22),

dε2
dm

=
2

3
ε2 (ε21 − γ2),

dγ

dm
=

2

3
γ (ε22 − ε21). (5.58)

We observe that Eqn. (5.58) conserve the invariant Is given in Eqn. (5.54); this implies
that a point with the coordinates (ε1, ε2, γ) moves on the surface of a sphere. Interestingly,
Eqn. (5.58) conserve another quantity C given by

C = ε1ε2γ. (5.59)

The presence of this invariant implies that the point (ε1, ε2, γ) moves on closed curves on the
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surface of the sphere, so that we have effectively only one quantity which changes with m.
We thus have an integrable system to this order in ε1, ε2, γ. [We note from Eqn. (5.52)
that C = − cos(θm) cos(θm+1) cos(Γm,m+1) to third order in ε1, ε2, γ. We will plot the latter
quantity in Fig. 5.23 below since it is easier to calculate numerically].

We will now apply the above analysis to the case defined in Eqn. (5.51). The initial
conditions are then given by

ε1 = ε2 = ε, γ = 0. (5.60)

Eqn. (5.58) then simplify to

dε1
dm

= −2

3
ε1ε

2
2,

dε2
dm

=
2

3
ε21ε2. (5.61)

Since ε21 + ε22 = 2ε2 is an invariant, we can parameterize

ε1 =
√

2ε sinφ and ε2 =
√

2ε cosφ. (5.62)

Eqn. (5.61) imply that
dφ

dm
= − 2

3
ε2 sinφ cosφ. (5.63)

This equation has stable fixed points at φ = 0 and π, and unstable fixed points at φ = π/2
and 3π/2. At m = 0, the initial condition (Eqn. (5.60)) fixes φ = π/4. Eqn. (5.63) then
implies that φ will flow to zero as m increases, so that ε1 → 0 and ε2 →

√
2ε. According

to Eqn. (5.63), the time scale (here we are thinking of m as time) of approaching the fixed
point should be of the order of 1/ε2. According to the first order terms in Eqn. (5.55), ε1
cycles as ε1 → ε2 → −γ → −ε1 → −ε2 → γ → ε1 for six successive iterations. Hence
sin θm = cos ε1 should cycle over three different values given by 1− ε21/2, 1− ε22/2, 1− γ2/2.
Monitoring sin θm = cos ε1 ≈ 1− ε21/2 for ε = 0.1 as a function of m (Fig. 5.23) clearly shows
that ε1, ε2, γ do not remain at one particular fixed point permanently; after long intervals of
time, they move from one fixed point to another relatively quickly. For example, for ε = 0.1,
this movement happens at intervals of about m = 3200; the movement itself occurs over a
duration of m = 100 (which is equal to 1/ε2). We will argue below that these movements
may be understood qualitatively by appealing to terms higher than third order which we have
ignored when deriving Eqn. (5.58).

We will begin by finding the fixed points of Eqn. (5.58). The KKT invariant implies that
the three parameters lie on the surface of a sphere

ε21 + ε22 + γ2 = r2, (5.64)

where r is a small number. We then find that there are two types of fixed points.

(i) Any two of the parameters ε1, ε2, γ are equal to zero, and the third one is equal to
±r. This gives six possible fixed points.

(ii) ε21 = ε22 = γ2 = r2/3. This gives eight possible fixed points.
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Figure 5.23: (Left panel) The evolution of sin θm as a function of m for ε = 0.1. (Right panel)
The evolution of cos θm cos θm+1 cos Γm,m+1 as a function of m for ε = 0.1.

Next, we look at the stability of the above fixed points. Denoting the first order devia-
tions of the three parameters from a fixed point by δi (where i = 1, 2, 3), we obtain equations
of the form

dδi
dm

=
3∑
j=1

Mijδj. (5.65)

The eigenvalues of the matrix M determine the stability of a fixed point; if any one of the
eigenvalues has a positive real part, the fixed point is unstable. For the six fixed points of type
(i), the eigenvalues turn out to be 0 and ±(2/3)r2, implying that each of these fixed points
is unstable along some direction. For the eight fixed points of type (ii), the eigenvalues are 0
and ±i(2/3

√
3)r2; hence a small deviation from these fixed points will oscillate but not grow

with time.
The invariant C = ε1ε2γ defined in Eqn. (5.59) is equal to 0 for the fixed points of type

(i) and ±r3/(3
√

3) for the fixed points of type (ii). For the cases studied numerically, i.e.,
(ε1, ε2, γ) = (ε, ε, 0) at m = 0, we have r =

√
2ε and C = 0. For this case, we have seen

above that the systems flows to the fixed point (0,
√

2ε, 0) over a time scale of order 1/ε2.
However, this is an unstable fixed point; hence even a small deviation from this fixed point in
an unstable direction will grow exponentially with m.

We now note that while the KKT invariant is an exact invariant, the quantity C defined in
Eqn. (5.59) is invariant only up to terms of third order in ε1, ε2, γ. Considering the possible
effects of terms of higher than third order on the right hand sides of Eqn. (5.58), we may
expect that over very long periods of time (i.e., periods which are much larger than 1/ε2),
the three parameters will differ from what we would obtain if only the third order terms
were present in Eqn. (5.58). As a result, we would also expect C to deviate eventually from
its initial value, i.e., from C = 0. We therefore expect that over long times, |C| will not
exactly be equal to zero, although it will remain much smaller than the largest possible value
of r3/(3

√
3) ' 0.00054. Fig. 5.23 confirms this numerically for the case ε = 0.1 where we

monitor cos θm cos θm+1 cos Γm,m+1 which is equal to −C for small ε1, ε2, γ.
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Given that C is very small but not exactly equal to zero, we can now see how the parameters
ε1, ε2, γ will change over very long periods of time. In the beginning, when γ is very close
to zero, we have seen that ε1 flows to zero while ε2 flows to

√
2ε; these flows occur over a

time scale of order 1/ε2 = 100. According to Eqn. (5.58), this is a stable fixed point for ε1
but not for γ. Eventually, therefore, γ will start growing while ε1 will remain small. Once γ
becomes larger than ε1, ε2 will start becoming smaller. Thus the behaviors of ε1, ε2, γ will
get cyclically interchanged; namely, ε1 will stay very close to zero, ε2 will flow to zero and γ
will flow to

√
2ε. Eventually, this behavior again gets interchanged; ε2 stays very close to zero

while γ and ε1 flow to zero and
√

2ε respectively. This is indicated in Fig. 5.23 where we see
that out of the three quantities 1 − ε21/2, 1 − ε22/2, and 1 − γ2/2, two of them remain close
to one while the third one remains close to 1 − ε2 = 0.99 at all times (except for some rapid
changes occurring over a time scale of order 1/ε2). We see that this behavior gets cyclically
interchanged after time intervals of the order of 3200. We cannot quantitatively explain the
value 3200 since we do not know the form of the higher order terms that will appear on the
right hand sides of Eqn. (5.58); however, as argued above, we do expect this time scale to be
much larger than 1/ε2 = 100.
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Chapter 6

Conclusions

In this thesis, we have mainly studied certain aspects of non-equilibrium physics of driven
integrable quantum systems. We have focused on understanding the dynamics and steady
states in such systems.

In chapter 3, we have studied the reduced density matrices and local properties of highly
excited eigenstates of the transverse field Ising model in one dimension, sampling them using
an unbiased Monte-Carlo technique. We find that, in spite of being integrable with an exten-
sive number of conserved quantities, typical high energy eigenstates are described by a finite
temperature Gibbs ensemble for all local properties in the thermodynamic limit. Our sampling
method also allows us exploring rare (athermal) eigenstates, and we explicitly demonstrate
that such states are locally described by appropriate truncated Generalized Gibbs ensembles
with only a few non-zero Lagrange multipliers. We also consider a class of high energy eigen-
states for which the full GGE is required to describe local properties accurately. Nonetheless,
most local conservation laws still play the most important role in describing local properties.
We showed that for a quantum quench from a typical high-energy eigenstate of the pre-quench
Hamiltonian, the resulting steady state requires a full GGE description. Our study leaves many
open issues for future studies. For example, it will be interesting to investigate the behaviour
of unequal time correlation functions of high energy excited states, especially in light of the
results presented in Ref. [1]. Another interesting question is whether this picture of typicality
holds for free Hamiltonians with long range interactions. A related question is regarding the
typical nature of the periodic Gibbs’ ensemble [2] produced by driving free-fermions (or other
integrable models mappable to that) periodically: if we observe the asymptotic synchronized
state stroboscopically, do we typically get a thermal state? The question is interesting, since
the effective Floquet Hamiltonian, though still bilinear in fermions, may be long-ranged, and
can often be non-local in terms of the original degrees of freedom.

In chapter 4, we have studied entanglement generation in periodically driven transverse
field Ising model in one dimension. Our study shows that the cross over from an area- to
volume-law entanglement entropy takes place in a complex manner depending on the drive
frequency and the number of drive cycles. This leads to the presence of non-area- and non-
volumelike behavior of S(l): S(l) ∼ lα with d − 1 ≤ α ≤ d. We show that states with
such non-area and non-volume law entanglement can be generated in a controlled manner by
tuning the drive frequency. We also construct a Hamiltonian Ht for which the driven state
is the exact ground state; an analysis of the long-/short-range nature of this Hamiltonian
provides us with qualitative criteria for the crossover from the area to volume law behaviour
of the entanglement entropy. In addition, this leads to generalization of Hastings’s theorem
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(which holds for d = 1 quantum systems in equilibrium) to driven systems. Next, we study
the relaxation behaviour of the correlation function and the density matrices of a particular
class of periodically driven systems described by the Hamiltonian given in Eqn.4.2, to their
steady state (GGE) values as a function of the number of drive frequency ω. In doing so,
we unravel a frequency controlled dynamic transition between two phases of the system in
terms of its relaxation behaviour to the final steady state. We show that this transition
can be understood as a change in topology of the Flouqet spectrum and leads to change in
behaviour of local correlation function. We point out that this dynamical transition is in
sharp contrast to other class of dynamic transition studied in the literature [3, 4] which is
associated with non-analyticities (also known as Fischer zeroes) of the dynamical free energy
of the system f(z) = − limL→∞ ln(F (z))/Ld, where z is obtained by analytic continuation of
time t in the complex plane and which do not leave their mark on local correlation function.
We consider three concrete examples. First, we consider the transverse field Ising model in
one dimension and show that in the high frequency regime, Sn decays to S∞ as n−3/2 while
below a critical frequency, it does so as n−1/2. These two phases are shown to be separated
by a finite critical frequency. We also construct the phase diagram for the dynamical phase
transition and show that such transitions have a re-entrant behaviour. We explain the reasons
for such re-entrance. As the second example, we consider generalized Kitaev chain in d = 1
with variable range p−wave pairing. We chart out the n dependence of Dl(n) and identify
a critical value α = αc (which depends only on the time-averaged Hamiltonian) below which
they generically decay to zero as (ω/n)1/2. For α > αc, in contrast, Dl(n) ∼ (ω/n)3/2[(ω/n)1/2]
for ω → ∞[0] with at least one intermediate dynamical transition. An identical behaviour is
found for relaxation of all non-trivial correlation functions of the model to their steady-state
values. As the third example, we consider the Kitaev model in d = 2 and study the dynamical
phase transition in this model. We show that in this case, there is no re-entrance behaviour
and we explain the reason behind it. Finally, We study the mutual information propagation
in generalized Kitaev chain in d = 1 with variable range p−wave pairing to understand the
nature of the entanglement spreading in space with increasing n for such long-ranged systems.
We point out the existence of qualitatively new features in the space-time dependence of
mutual information for ω < ω

(1)
c , where ω

(1)
c is the largest critical frequency for the dynamical

transition for a given α. One such feature is the presence of multiple light cone-like structures
which persist even when α is large. We also show that the nature of space-time dependence
of the mutual information of long-ranged Hamiltonians with α < 2 differs qualitatively from
their short-ranged counterparts with α > 2 for any drive frequency and relate this difference to
the behavior of the Floquet group velocity of such driven system. Finally, our work leads to
several possibilities of future extensions such as study of possible realization of such dynamical
phases in non-integrable systems. Moreover, it would also be interesting to explore the fate
of such dynamical phase transitions when the system is weakly coupled to external thermal
bath.

In chapter 5, we consider integrable quantum systems subjected to periodicity-broken
drive. We consider cases where the periodicity of the drive is broken by the addition of
noise. We explore that the final non-equilibrium steady state to which the system relaxes at
late times is sensitive to the type of noise under consideration. For concreteness, we confine
ourselves to the transverse field Ising model in one dimension and consider three different
types of noises and see that they lead to completely different consequences. As our first
example, we consider the perturbed Floquet system with random noise. It turns out that
in such condition, the system locally heats up to infinity i.e., all the local properties of the
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system at late times are correctly captured by the infinite temperature ensemble. Next, we
consider the case where the periodicity of the drive is broken by a noise which has a self-similar
structure in time and we show that such noise leads to an entirely different steady state, which
we dub as “geometric generalized Gibbs ensemble”. This steady state emerges only after an
astronomically large time scale. Emergence of such a steady state is due to some interesting
fixed point properties of a sequence of SU(2) matrices. To understand the approach to steady
state, we study the temporal behavior of certain coarse-grained quantities in momentum space
that fully determine the reduced density matrix for a subsystem with size much smaller than
the total system. Finally, as the third and last example, we consider a perturbed Floquet
system where the periodicity-breaking noise term follows the Fibonacci sequence. We show
that a novel steady state emerges after an exponentially long time when local properties (or
equivalently, reduced density matrices of subsystems with size much smaller than the full
system) are considered. We use the temporal evolution of certain coarse-grained quantities
in momentum space to understand this non-equilibrium steady state in more detail and show
that unlike the previously known cases, this steady state is neither described by a periodic
generalized Gibbs ensemble nor by an infinite temperature ensemble. We also study a toy
problem with a single two-level system driven by a Fibonacci sequence; this problem shows
how sensitive the nature of the final steady state is to the different parameters. Finally, we
note that the ensemble description of the steady state for a perturbed Floquet system with
Fibonacci noise is an open issue. It would be interesting to explore the ensemble description
in such cases. Also, it would interesting to explore the steady state and the approach to
steady state of driven integrable quantum system when the periodicity-breaking noise has a
non-Gaussian structure (for example, Levy noise).
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Appendix A

Protocol independence

We have used the square pulse protocol and the periodic kick protocol for the numerical
calculations shown in the section 4.1.1 and section 4.2.1 of chapter 4 of the thesis, mainly due
to their simple analytic forms. However, most of our results are protocol independent and
we illustrate that here with some results using both the linear ramp and sinusoidal protocols,
which we will define below. For notational simplicity, we restrict ourselves to the TFIM in
d = 1.

In the linear ramp protocol with a time period T = 2T0, the precise variation of g(t)
between n and n− 1 cycles is given by

g(t) = gi + (gf − gi)(t− 2(n− 1)T0)/T0,

for 2(n− 1)T0 ≤ t ≤ (2n− 1)T0

= gf − (gf − gi)(t− (2n− 1)T0)/T0

for (2n− 1)T0 ≤ t ≤ 2nT0 (A.1)

The advantage of this protocol is that one can again obtain exact analytical solution for the
wave function at the end of a drive cycle like the square pulse case, though the solution is
more complicated. The unitary matrix for the evolution of the wave function at the end of
one drive can be written as βUk(gi, gf ) = Ub(k, gf → gi, T0)Uf (k, gi → gf , T0)whereUf (Ub)
refer to the corresponding unitary matrix for the “forward” (“backward”) ramp from gi to
gf (gf to gi). Below, we give the explicit expressions for the two unitary matrices assuming
that gi > gf without loss of generality (for details, we refer the reader to Ref. vitanov). The
matrices can be more easily expressed through the redefined variables v = (gi − gf )/T0, Ti =
(bk − gi)/

√
v, Tf =

√
vT0 − Ti and ω = ∆k/

√
v.
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Figure A.1: Panels (a),(b) show the behavior of |ε(k)| as a function of k for a few representative
values of ω both for the linear ramp and the sinusoidal drive protocols. Panels (c),(d) show
|ε(k)| as a function of k for small values of ω for the linear ramp and the sinusoidal drive
protocols, respectively. Panels (e),(f) show the power law decay of D as a function of n for
several l for the linear ramp protocol.
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Then, for the forward ramp, we have

(Uf )11 = (Uf )
∗
22

=
Γ(1− iω2/2)√

2π
[Diω2/2(Tf

√
2e−iπ/4)

× D−1+iω2/2(Ti
√

2ei3π/4)

+ Diω2/2(Tf
√

2ei3π/4)

× D−1+iω2/2(Ti
√

2e−iπ/4)],

(Uf )12 = −(Uf )
∗
21

=
Γ(1− iω2/2)

ω
√
π

eiπ/4[−Diω2/2(Tf
√

2e−iπ/4)

× Diω2/2(Ti
√

2ei3π/4)

+ Diω2/2(Tf
√

2ei3π/4)Diω2/2(Ti
√

2e−iπ/4)].

(A.2)

where D denotes the parabolic cylinder function and Γ denotes the gamma function. The
unitary matrix for the backward ramp is then obtained from the above matrix using (Ub)ij =
(−1)i+j(U∗f )ij.

For the sinusoidal protocol with a time period of T , the variation of g(t) is chosen as follows

g(t) = gav + A cos

(
2πt

T

)
(A.3)

Here, the unitary matrix for one drive cycle cannot be expressed analytically and one has to
resort to a numerical solution of the time-dependent Schrödinger equation.

In Fig. A.1, we show the results for the linear ramp protocol with gi = 2, gf = 0 and
varying ω = 2π/T and for the sinusoidal protocol with gav = 1, A = 1 and varying ω = 2π/T .
From Fig. A.1(a),(b), it is clear that m, the number of zeroes in d|εk|/dk for 0 < k < π or
equivalently the number of local extrema in |εk| for 0 < k < π, is zero when ω � 1 and attains
a non-zero value only below a critical (protocol dependent) ωc exactly like in the square pulse
case. From Fig. A.1(c),(d), it is also clear that m ∼ 1/ω for small ω for both the linear
ramp and sinusoidal protocols, again like in the case of the square pulse protocol. Lastly, in
Fig. A.1(e),(f), we show the calculation for the power law decay of D for two different ω on
either side of ωc for the linear ramp protocol.
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